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UBER TAUTOLOGIEK, [N WELCHEN KEINE VARIABLE
MEHR ALS ZWEIMAL VORKOMMT
von 8. Jaskowsgr in Torun (Polen)
H, TwirLs hat im Jahre 1960 das Problem gestellt. das implikative Teilsystom
des Aussagenkalkiils mit den Axiomen
COlCyrlar,  CCpOCyCpr,  Calyp

o1 untereuchen. Hier wird fir dieses System?) und fir ein underes, in dew dus
letzto Axiom durch ein schwicheros, namlioh duroh Cpp ersetzt wird, cin Entschei-
dungeverfahron sugegeben. Die Methode beruht auf ciner Untersuchung von ge-

wisen n der Ausdriicke, in welchen keinc Satzvariable
mehr als 2weiral . Dabei wird eine drof Matrix benutot. Das
Eroblem der charakteristisshon Matrizen fur die ohen crwihnten Systeme ist hisher
nicht geloxt

1. Fin Lenuna iiber Sqnivalenzselationen

Reflexive, und transitive anf einer Menge A heifen
Aquivalenzrelationen uber M. Es scien ~,, ~, Aquivalenzrelationen itber der
Menge M. Es ist bekennt, daB ey iber 3f cine cindeutig bestimmte Kompositions-
iquivalenz ~; Yon ~, ~, mit folgenden Higenschaften gibt:

On tautologies, in which no

[propositional] variable occurs more

than twice.

Hirokawa, S. 1992.

Balanced formulas, BCK-minimal formulas and

their proofs.

Logical Foundations of Computer Science — Tver ‘92,
pp. 198-208.

Here a formula is balanced iff no type variable occurs more than twice. Balanced
formulas are called as formulas with one-two-property in [6, 12]. We denote the set
of balanced formulas as F1 . The author learned a result by Jaskowski [12] from P.
Idzjak which states that
BCKNF;=LINF,.

By analysis of the type assignment figures, we prove that if a A-term in S-normal form
has balanced type, then it is a BCK-A-term. This gives a direct proof for Jaskowski’s
result.

A balanced sequent provable in intuitionistic logic has
an affine inhabitant.

Hirokawa slightly improved

Jaskowski’s result.



A-terms

X variable
XM abstraction
MN application

Affine A-terms

X variable
AX.M abstraction
MN application FV(M) n FV(N) = @

Affine A\-terms are typable (Hindley 1989).

Every variable is used at most once.
Interesting properties of affine

lambda terms have to do with their

typings.

Type assignment to A-terms

X1:.Q4,...,Xn:0n = M:a
type environment

X.a = Xx.a

= M:}B = Ma—-8 A= Na
—| —E

- {xa} =AxMa—-p FulA= MNP

Type environment includes type
declarations for all and only
variables that occur free in the

term.



[ =a

sequent

s - = Ma
* = aisatyping of M

e Mis aninhabitant of ' = a

Some terminology.

"= ais a principal typing of M

{

F I = M:'justincase ("= a) = (T = q)8

for some type substitution 6

Polarity of type occurrences

-+ + - + - - +
x(p—=q)> r=2s,yp2rqg=r—s

"= ais balanced

!

each atomic type has at most 1 positive and
at most 1 negative occurrence in = a

This stricter definition of
“"balanced” is from Mints’ textbook
on intuitionistic logic and is more

convenient for my purposes.



Affine A-terms and balanced sequents

* Principal typing of an affine A-term is balanced
(Belnap 1976, Hirokawa 1992).

» A balanced sequent has at most one inhabitant up
to Bn-equality (Coherence Theorem, Mints 1981,
Babaev and Solov’ev 1982).

* A 3-normal inhabitant of a balanced sequent is
always affine (Jaskowski 1963, Hirokawa 1992).

10

These properties extend to what |

call “almost affine” lambda terms.

. 1 The definition of almost affine
Almost affine A-terms _ .
lambda-terms refer to their typing.
X:a= xa
= M:}B r=Ma—-8 A=Na
- {xa} = MxMa—f MuA= MNB
ran(l n A) ¢ At
12 An example of an almost affine
ya-a=p xq__
yxq = p xa lambda term.
yxxp zZreaq wr_ o )
MXyxxq —p g Its beta-normal form is not almost

(Ax.yxx)(zw):p

zZr—q wir
yq—=>qg—p zZw:qg SE SE
y(zw):g = p zZwW:q
y(zw)(zw):p

—-E

affine.



Term graph (tree with sharing)
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AX. f g
\h /\ /N
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Q /N
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normalization
unfolding /f\
h

g
/7 N\ / N\
b ¢ g
/7 N\
a b

a
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Almost affine lambda terms may be
thought of as a generalization of

“term graphs”.

R S S +
y:q = q—p,zr =g, wr = (AX.yxx)(zw):p

[ = ais negatively non-duplicated

!

each atomic type has at most one negative
occurrence inl = a
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Almost affine A-terms and negatively
non-duplicated sequents

* Principal typing of an almost affine A-term is
negatively non-duplicated (Aoto 1999, Kanazawa
2007, 2011).

* A negatively non-duplicated sequent has at most
one inhabitant up to Bn-equality (Aoto and Ono
1994).

* An inhabitant of a negatively non-duplicated
sequent is always Bn-equal to an almost affine A-
term.
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The coherence theorem about
affine lambda terms and the
correspondence between affine
lambda terms and balanced
sequents extend to almost affine
lambda terms and negatively non-
duplicated sequents.

This paper proves the third bullet
point.



Affine A-terms and balanced sequents

* Principal typing of an affine A-term is balanced.

* A balanced sequent has at most one inhabitant up
to Bn-equality.

* A B-normal inhabitant of a balanced sequent is
always affine.
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Affine vs. balanced.

17 Almost affine vs. negatively non-
Almost affine A-terms and negatively - Neg y
non-duplicated sequents duplicated.
The third property is stated slightly
* Principal typing of an almost affine A-term is .
negatively non-duplicated. differently due to the fact that the
* A negatively non-duplicated sequent has at most class Of almost af-ﬁne Iambda-terms
one inhabitant up to Bn-equality.
* An inhabitant of a negatively non-duplicated Is not Closed under beta'redUCtlon'
sequent is always Bn-equal to an almost affine A-
term.
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Almost affine A-terms and tree transductions

f H(f)
| higher-order +
b homomorphism H(p) normalization -~

N * N » + +

d b H(d) H(b) VA NVAN
PN PN 11 1 1
d [ Hd)  H()

H: {f,b,c,i} = A(+:0»0—0,1:0)
f:q— p == Ax.x1:(0—0)—0
b:r— qg— q == \xyz.x(yz) : (0—0)—(0—0)—0—0
d:r == Az (z+2):0—0
iiq == \z.z:0-0

Why woud one be interested in the
question of what lambda terms
inhabit negatively non-duplicated
sequents?

Almost affine lambda terms
characterize an important class of

tree transformations.



higher-order

f
| .
b homomorphism

PN = PN —}

d b H(d) H(b)
PN PN

d b H(d) H(b)
PN PN
d i H(d)  H()

H(f)
I

+
H(b) normalization PN

+ +
A NVAN
+ o+ o+ o+
NN NN
1111111

—_
—_
—_

perfect binary
tree

H: {f,b,c,i} = A(+:0—20—0,1:0)
f:q— p == Ax.x1:(0—0)—0

b:r—q— g == Axyz.x(yz): (0—0)—*(0—0)—0—0

d:r ==l \z.(z+2):0—0
iiq == \z.z:0—0
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With almost affine lambda terms,
normalization is easy to carry out (a
kind of normalization by evaluation)

using principal typings.

Principal typings
' I
1.0 = Ax.x1: (0—0)—0

——— | |

= Axyz.x(yz) : (0—0)—(0o—0)—0—0

N

+:0—0—0 = \z.(z+2) : 0—0

= \Z.Z: 0—0
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Graph representations of principal

typings.

We can compute the normal form
using these graphs.

The output graph is defined in
terms of relations on the input

graph defined by MSO formulas.



Tree transductions

Almost affine higher-order

X MSQO transduction
homomorphism = N
* unfolding

normalization

Kanazawa 2009
* Principal typing as graph

* Principal typing of an almost affine A-term is
negatively non-duplicated
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Correspondence.
One direction holds for all lambda
terms that have negatively non-

duplicated principal typings.

23
A more complex example
f +
5 /1 (n+2)2 leaves
n+
/+\
3 +
/ N\
© c 1 2n+3
n leaves
n abbreviates (- (1+1)+)+1
24

9 SN TS
g/\c +/\ 7\ +/\+
/N 2NN
c c /\1/+\1/\11 /+\
ANEEANER AN
+ 1 1
N SN
1 A
LN
7\
o
7\
o
7\




25
f
| »
N\
C
/N
C C
26 This term graph can be obtained
f .
! m)> by MSO transduction.
/N
Cc

/AN

C

S / 27 So there's a corresponding almost
oy (n+2)2 leaves
=) : affine higher-order homomorphism.
/N
3 +
/ N\
1" 2n43

n leaves

Higher-order homomorphism

fr= AxXx((1+1)+1)(Asy.y(1+s)(AL.1))
g 1= AX1X2iW.X1i(AS1Y1.X2S1(AS2y2.WS2(AjV.y1j(At1.yat1(Ate.vi2)))))

¢ := ANiww((i+1)+1)(Ajv.v(i+j))




Almost affine A-terms and negatively
non-duplicated sequents

* Principal typing of an almost affine A-term is
negatively non-duplicated (Aoto 1999, Kanazawa
2007, 2011).

* A negatively non-duplicated sequent has at most
one inhabitant up to Bn-equality (Aoto and Ono
1994).

* An inhabitant of a negatively non-duplicated
sequent is always Bn-equal to an almost affine A-
term.
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MSO transduction is obtained only
for almost affine higher-order

homomorphism.

= a negatively non-duplicated 29 Some idea of how the theorem is
proved.
deduction in
long normal form
= M:a
r=M:a
almost affine
30 Problematic case.

v

yBi—=-oBr—=p 1= M4

v

M = Mn:Bn
y:Bi==Bn—p, M1uu = yMi Map

=

{x6eloeAt, xbdelinlji#|}={y101,...ymOm} # @
tail(&61)=q;

Find a k such that
M =a N[z:=yxP4...P )] and
x € FV(N) n FV(yxP1...P)) implies I'(x) € At

Try to extract an atomic typed

subdeduction.



Find a k such that
M =q N[z:=ykP1...P]] and
x € FV(N) n FV(y«kP1...P)) implies '(x) € At

AR

I z:.gx = N:p
M=xNagx—p " = yP1...Prok £
o
Mol = Az.N)(ykP1...Py:p

¥

©»
D
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a= B1_;_;BI_;_;Bn_;p
t
negative subpremise of a

» If y =Bioryis a positive subpremise of 8;, then y is
a negative subpremise of a.

 If yis a negative subpremise of B3, then yis a
positive subpremise of a.
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Important lemma concerning the

negative subpremise property.

[ =xq:a4,..., Xn:CQn

Yy is a positive/negative subpremise of [ = a
if
Y is a positive/negative subpremise of ay—---—an—a
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Definition
" = a has negative subpremise property
=) for all negative subpremises y,6 of [ = q,
tail(y) = tail(d) impliesy = 0

negatively non-duplicated

negative subpremise property

(= a)—r)—s, p—a, (p=a)~r =

34

35 This lemma implies Aoto and Ono’s
Lemma generalization of the coherence
I = a, " = a negatively non-duplicated
o theorem.
["u " injective
I u " = a has negative subpremise property The inductive pI"OOf is easy Wlth
I = Ma
'l M M n
FIM=M:a negat|ve subpremlse property .
M =pBn M’
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Find a k such that
M =a N[z:=yxP4...P)] and
x € FV(N) n FV(yxP1...P)) implies I(x) € At

AR 4

I z:.gx = N:p
M=ANag«—p I = ykP1...Pigx £
-
Mul” = Az.N)(ykP1...Pyp
¥

i)
D

The lemma is used to find this k.



Almost affine A-terms and negatively
non-duplicated sequents

* Principal typing of an almost affine A-term is
negatively non-duplicated (Aoto 1999, Kanazawa
2007, 2011).

* A negatively non-duplicated sequent has at most
one inhabitant up to Bn-equality (Aoto and Ono
1994).

* An inhabitant of a negatively non-duplicated
sequent is always Bn-equal to an almost affine A-
term.
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