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"If a formula is BCK-minimal then its normal form proof is unique." 

Here a BCK-minimal formula is a BCK-provable formula which is not a non-trivial 
substitution instance of other BCK-provable formula. This conjecture was proved 
independently by Wronski [19], by Hirokawa [7] and by Tatsuta [18]. Wronski proved 
the conjecture as a corollary of the coherence theorem in cartesian closed category. 
Babaev and Soloviev [1] and Mints [16] formulated the theorem as follows and gave 
simple proofs for it. 

"If a formula is balanced then its normal form proof is unique." 

Here a formula is balanced iff no type variable occurs more than twice. Balanced 
formulas are called as formulas with one-two-property in [6, 12]. We denote the set 
of balanced formulas as F1,2, The author learned a result by Jaskowski [12] from P. 
Idzjak which states that 

B C K  N FI,2 = L J  N F1,2. 

By analysis of the type assignment figures, we prove that if a A-term in B-normal form 
has balanced type, then it is a BCK-A-term. This gives a direct proof for Jaskowski's 
result. 

The problem by Komori, the proof by Wronski and Tatsuta and the coherence 
theorem concerns the uniqueness of proof figure not in B-normal form but in flr}-normal 
form. A pricese statement of Wronski's answer is as follows. 

"If o~ is a BCK-minimal then the closed BCK-;~-term in/?rpnormal form 
which has c~ as its type is unique." 

On the other hand, the author's solution [7] for Komori's problem is as follows. 

"If ol is a BCK-minimal then the closed BCK-A-term in B-normal form 
which has c~ as its type is unique." 

We prove that a type-scheme c~ of a closed BCK-A-term is BCK-minimal iff o~ is a 
principal type-scheme of some closed BCK-A-term in jSr/-normal form. This clarifies 
the difference between B-normal forms and Br/-normal form. 

2 Balanced  types  and BCK-A-terms  

We use the terminology in Hindley [4] for type assignment figures to A-terms. We 
say TA-figures instead of type assignment figures. Types are constructed from type 
variables and '--*'. We use the letters a, b, c , . . .  for type variables, a, B, %- . .  for types, 
x, y, z , . . .  for term variables and L, M, N , . . .  for 3~-terms. The set of type variables in 

A balanced sequent provable in intuitionistic logic has 
an affine inhabitant.

3 Hirokawa slightly improved 
Jaskowski’s result.
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Affine λ-terms
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Affine λ-terms are typable (Hindley 1989).

5 Every variable is used at most once. 
Interesting properties of affine 
lambda terms have to do with their 
typings.

Type assignment to λ-terms

x:α ⇒ x:α

Γ ⇒ M:β 
Γ − {x:α} ⇒ λx.M:α → β

Γ ⇒ M:α → β    Δ ⇒ N:α 
Γ ∪ Δ ⇒ MN:β

→I →E

x1:α1,…,xn:αn ⇒ M:α
type environment

6 Type environment includes type 
declarations for all and only 
variables that occur free in the 
term.



• ⊢ Γ ⇒ M:α 

• Γ ⇒ α is a typing of M 

• M is an inhabitant of Γ ⇒ α

Γ ⇒ α
sequent

7 Some terminology.

Γ ⇒ α is a principal typing of M

⊢ Γʹ ⇒ M:αʹ just in case (Γʹ ⇒ αʹ) = (Γ ⇒ α)θ 
for some type substitution θ

8

Polarity of type occurrences

x:(p → q) →  r → s, y:p → q ⇒ r → s
+++− − − −+

Γ ⇒ α is balanced

each atomic type has at most 1 positive and 
at most 1 negative occurrence in Γ ⇒ α

9 This stricter definition of 
“balanced” is from Mints’ textbook 
on intuitionistic logic and is more 
convenient for my purposes.



Affine λ-terms and balanced sequents 

• Principal typing of an affine λ-term is balanced 
(Belnap 1976, Hirokawa 1992). 

• A balanced sequent has at most one inhabitant up 
to βη-equality (Coherence Theorem, Mints 1981, 
Babaev and Solov’ev 1982). 

• A β-normal inhabitant of a balanced sequent is 
always affine (Jaśkowski 1963, Hirokawa 1992).

10 These properties extend to what I 
call “almost affine” lambda terms.

Almost affine λ-terms

x:α ⇒ x:α

Γ ⇒ M:β 
Γ − {x:α} ⇒ λx.M:α → β

Γ ⇒ M:α → β    Δ ⇒ N:α 
Γ ∪ Δ ⇒ MN:β

→I →E

ran(Γ ∩ Δ) ⊆ At

11 The definition of almost affine 
lambda-terms refer to their typing.

y:q → q → p   x:q
yx:q → p                x:q→E

→Eyxx:p
λx.yxx:q →p →I

z:r → q   w:r
zw:q →E

→E
(λx.yxx)(zw):p

y:q → q → p           zw:q
y(zw):q → p                                           zw:q→E

→Ey(zw)(zw):p

z:r → q   w:r
→E z:r → q   w:r

→E

12 An example of an almost affine 
lambda term. 
Its beta-normal form is not almost 
affine.
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13 Almost affine lambda terms may be 
thought of as a generalization of 
“term graphs”.

y:q → q → p, z:r → q, w:r ⇒ (λx.yxx)(zw):p
+++ − − −+

Γ ⇒ α is negatively non-duplicated

each atomic type has at most one negative 
occurrence in Γ ⇒ α

14

Almost affine λ-terms and negatively 
non-duplicated sequents

• Principal typing of an almost affine λ-term is 
negatively non-duplicated (Aoto 1999, Kanazawa 
2007, 2011). 

• A negatively non-duplicated sequent has at most 
one inhabitant up to βη-equality (Aoto and Ono 
1994). 

• An inhabitant of a negatively non-duplicated 
sequent is always βη-equal to an almost affine λ-
term.

15 The coherence theorem about 
affine lambda terms and the 
correspondence between affine 
lambda terms and balanced 
sequents extend to almost affine 
lambda terms and negatively non-
duplicated sequents. 
This paper proves the third bullet 
point.



Affine λ-terms and balanced sequents 

• Principal typing of an affine λ-term is balanced. 

• A balanced sequent has at most one inhabitant up 
to βη-equality. 

• A β-normal inhabitant of a balanced sequent is 
always affine.

16 Affine vs. balanced.

Almost affine λ-terms and negatively 
non-duplicated sequents

• Principal typing of an almost affine λ-term is 
negatively non-duplicated. 

• A negatively non-duplicated sequent has at most 
one inhabitant up to βη-equality. 

• An inhabitant of a negatively non-duplicated 
sequent is always βη-equal to an almost affine λ-
term.

17 Almost affine vs. negatively non-
duplicated. 
The third property is stated slightly 
differently due to the fact that the 
class of almost affine lambda-terms 
is not closed under beta-reduction.

Almost affine λ-terms and tree transductions
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higher-order 
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H: {f,b,c,i} → Λ(+:o→o→o,1:o)
f: q → p 

b: r → q → q 
d: r 
i: q

λx.x1 : (o→o)→o 
λxyz.x(yz) : (o→o)→(o→o)→o→o 
λz.(z+z) : o→o 
λz.z : o→o

18 Why woud one be interested in the 
question of what lambda terms 
inhabit negatively non-duplicated 
sequents? 
Almost affine lambda terms 
characterize an important class of 
tree transformations.
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19 With almost affine lambda terms, 
normalization is easy to carry out (a 
kind of normalization by evaluation) 
using principal typings.

Principal typings
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⇒ λz.z : o→o

20 Graph representations of principal 
typings.

x

1

x

y

z

z

z

+
x

y

z

z

+

H(f)

H(b)

H(d) H(b)

H(d) H(i)

1

+

+

1

+

+

111

unfolding

MSO transduction

21 We can compute the normal form 
using these graphs. 
The output graph is defined in 
terms of relations on the input 
graph defined by MSO formulas.



Tree transductions

• Principal typing as graph 

• Principal typing of an almost affine λ-term is 
negatively non-duplicated

Almost affine higher-order 
homomorphism 

+ 
normalization

MSO transduction 
+ 

unfolding
≡

Kanazawa 2009

22 Correspondence. 
One direction holds for all lambda 
terms that have negatively non-
duplicated principal typings.

A more complex example
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26 This term graph can be obtained 
by MSO transduction.

f

g

c c…
n leaves

1 2n+3

+3

+

2n+1

+

…

(n+2)2 leaves

f := λx.x((1+1)+1)(λsy.y(1+s)(λt.t))

g := λx1x2iw.x1i(λs1y1.x2s1(λs2y2.ws2(λjv.y1j(λt1.y2t1(λt2.vt2)))))

c := λiw.w((i+1)+1)(λjv.v(i+j))

Higher-order homomorphism

27 So there’s a corresponding almost 
affine higher-order homomorphism.



Almost affine λ-terms and negatively 
non-duplicated sequents

• Principal typing of an almost affine λ-term is 
negatively non-duplicated (Aoto 1999, Kanazawa 
2007, 2011). 

• A negatively non-duplicated sequent has at most 
one inhabitant up to βη-equality (Aoto and Ono 
1994). 

• An inhabitant of a negatively non-duplicated 
sequent is always βη-equal to an almost affine λ-
term.

28 MSO transduction is obtained only 
for almost affine higher-order 
homomorphism.

Γ ⇒ α   negatively non-duplicated

Γ ⇒ M:α

Γ ⇒ Mʹ:α

deduction in 
long normal form

almost affine

↠
β

D

Dʹ

29 Some idea of how the theorem is 
proved.

y:β1→⋯→βn→p   Γ1 ⇒ M1:β1   …   Γn ⇒ Mn:βn 

y:β1→⋯→βn→p, Γ1 ∪⋯∪ Γn ⇒ yM1 Mn:p

D1 Dn

→E

{ x:δ ∈ Γ | δ ∉ At, x:δ ∈ Γi ∩ Γj, i ≠ j } = {y1:δ1,…,ym:δm} ≠ ∅

Find a k such that 
     M ≡α N[z:=ykP1…Pl] and 
     x ∈ FV(N) ∩ FV(ykP1…Pl) implies Γ(x) ∈ At

tail(δi)=qi

30 Problematic case. 
Try to extract an atomic typed 
subdeduction.



Γʹ, z:qk ⇒ N:p 
Γʹ ⇒ λz.N:qk → p Γʹʹ ⇒ ykP1…Pl:qk

Γʹ ∪ Γʹʹ ⇒ (λz.N)(ykP1…Pl):p

→I
→E

E

F

↠
β

D

Find a k such that 
     M ≡α N[z:=ykP1…Pl] and 
     x ∈ FV(N) ∩ FV(ykP1…Pl) implies Γ(x) ∈ At

31

• If γ = βi or γ is a positive subpremise of βi, then γ is 
a negative subpremise of α. 

• If γ is a negative subpremise of βi, then γ is a 
positive subpremise of α.

α = β1→⋯→βi→⋯→βn→p

negative subpremise of α

32 Important lemma concerning the 
negative subpremise property.

Γ = x1:α1,…,xn:αn

γ is a positive/negative subpremise of Γ ⇒ α 
if 

γ is a positive/negative subpremise of α1→⋯→αn→α

33



Γ ⇒ α has negative subpremise property
Definition

for all negative subpremises γ,δ of Γ ⇒ α, 
tail(γ) = tail(δ) implies γ = δ

negatively non-duplicated 
!
!

negative subpremise property

((p→q)→r)→s, p→q, (p→q)→r ⇒ s
−−

34

Γ ⇒ α, Γʹ ⇒ α negatively non-duplicated 
Γ ∪ Γʹ injective 
Γ ∪ Γʹ ⇒ α has negative subpremise property 
⊢ Γ ⇒ M:α 
⊢ Γʹ ⇒ Mʹ:α

M =βη Mʹ

Lemma

35 This lemma implies Aoto and Ono’s 
generalization of the coherence 
theorem. 
The inductive proof is easy with 
“negative subpremise property”.

Γʹ, z:qk ⇒ N:p 
Γʹ ⇒ λz.N:qk → p Γʹʹ ⇒ ykP1…Pl:qk

Γʹ ∪ Γʹʹ ⇒ (λz.N)(ykP1…Pl):p

→I
→E

E

F

↠
β

D

Find a k such that 
     M ≡α N[z:=ykP1…Pl] and 
     x ∈ FV(N) ∩ FV(ykP1…Pl) implies Γ(x) ∈ At

36 The lemma is used to find this k.



Almost affine λ-terms and negatively 
non-duplicated sequents

• Principal typing of an almost affine λ-term is 
negatively non-duplicated (Aoto 1999, Kanazawa 
2007, 2011). 

• A negatively non-duplicated sequent has at most 
one inhabitant up to βη-equality (Aoto and Ono 
1994). 

• An inhabitant of a negatively non-duplicated 
sequent is always βη-equal to an almost affine λ-
term.
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