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Tree transductions
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Tree transductions defined by

@ MSO term graph transducers

@ A-homomorphisms



Monadic Second-Order Logic

First-order logic + VX, 3X

Graphs as relational structures

labs(X)
labg(x) edg: (X, y)
labp(x) edgo(x, y)

G = (Ve. lab?, labg, labf, edgy, edgs )

Ve =1{1,2,3,4,5,6}

lab? = {1}, lab; =2, 3}, labg — 14 S5}

edg? = {(1,2),(2,3).(3,4)}, edg; = {(2,6).(3.5)}



MSO definable sets of graphs

@ A class & of graphs over (X, ") is MSO definable if
Gg— {G e GROEL) | G oy

for some closed MSO formula ©

VxyVX(Vzw((edg(z, w) V edg(w,z)) — (z € X = w € X))
— (xeX =>yeX))

@ (Buchi 1960, Elgot 1961, Trachtenbrot 1962) A set L
of strings is MSO definable iff L is regular

@ (Thatcher & Wright 1968, Doner 1970) A set L of
trees is MSO definable iff L is recognizable
(regular)



MSO definable graph transductions

e
1 / /
b © Vi = labS U lab¢
1 labS eV L G =l (v) }

b  1abf ={veVs|GE(v)}
1 edg® = {(vi,w) € V5 x Vg |

b € :Xl(Vl,VQ)}

’l/)b(X) — /abb(x)
X1(x,y) = dzwv(edgs(z, x) A edg,(w, z) A
edg>(w, v) A edgi(v,y))



MSO graph transducers

A (non-copying) MSO graph transducer from (X1, 1)

to (X5, ) (without parameters) (Courcelle 1991)
consists of:

1Yo(x) [0 €ra;
1 XX, 90| v.€ (23]
A graph G is mapped to G’ with

Ver= | F 1863

oE2 >
labS ={veVe G E9, ()}
/ab,cy;/ ={(v1,v2) € V6 X V6 | G &= Xy(v1, V2) }




MSO graph transducers

In general, a (copying) MSO graph transducer from

(X1, 1) to (X2, ) (with parameters) (Courcelle 1993,
1994) consists of:

X d5g Xk
QD(Xl ..... Xk)
G

{ ¢QnC(X,)<1 ----- )<k)‘ O'EEEZQ,C'GEC:}
{x,y,cl,CQ(X,y,Xl ..... Xk) "YE /_2,C1,C26C}
For each choice U, .. .. Uy such that G &= (U, .. ., U)

Ve = | J 1abg

0E2 -
fabS = {(v,c)eNG lam G- il
lab; = {((v1, 1), (v2, @)) € (V6 X C)? | G = Xy.c1.0(v1, v2) }




o
(Bl () (8

S

S

Copying

d p = “G is a string graph”

LD C={1.2)

b@D Pa1(x) = labs(x)

b 1 ’L/}b,l(X) — /abb(x)

GFL) xa106 y) = eda;(x, )

b b Xy ez (edg i (6Z2) V. edg (z, v))

@1—) X1,2,1(X,y) — false

a X1,2.2(x,y) = edg; (X, y)

)

ool defines a defterministic string

Q? transduction

G {(w,ww) | w € {a, b}*}
1

b




MSO graph transductions

@ The class of MSO graph fransduction is closed
under composition

® The domain of an MSO graph transduction is MSO
definable

@ (Engelfriet & Hoogeboom 2001)
MSO = REL o DMSO




MSO term graph transducers
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(Bloem & Engelfriet 2000)
DMSO-TGT = DMSO-REL o ATT




A-homomorphism (de Groote 2001)

' N-homomorphism o(7)
‘ /—}:\
g Y S A
SR T - gy
5 1+/+\1 —l—/—k\11++/\1 1+/+\11
g b NN AN

11/\/\

N /\1

b b

0 6(b)

6. f— dx.x((L+1)+ 1)1(Ast.t +'5)
g +— >\X1X2UW.X1U(>\51 [1.X2571 tl()\SQtQ.WSQtQ))
b— Xijw.w((i+1)+1)y + 1)



The power of A

0 & o
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0: f — Ax.x1
g — Axy.x(xy)
b—=> Ay.y+y

The A-homomorphisms are closed under composition
(Salvati) DMSO-TGT C DMTT C DMTT*® C \-H




Nondeterminism

Characterize MSO-TGT in terms of a subclass of A-
homomorphisms using almost linear A-terms
i)

I

almost linear A-term  4omic type

Loy o G

1
A. hon,
(0

f‘p/)/. 9(71-1)
} /\7T \&A S

O(m2)

‘ regular tree 0(73) o(73)

grammar \
g




Almost linear A-homomorphisms
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Almost linear A-H € MSO-TGT




Attribute grammars (outputting trees)

semantic rules

derivation tree ,

attribute
Wua’rion

output
tree

string

M
output language € OUT (AG)



Tree-to-tree attribute grammars

semantic rules

derivation tree ,

attribute
Wua’rion

input tree
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MSO-TGT = TT-AG (from Bloem & Engelfriet 2000)



Attribute grammar: example

m:S—>f A mm:A—g AA M. A— b
t Lol e fou) asaid
7 (o\\ /Ao//oooo\ A/oooo\
A—eo—o—o—o Aloooo{::\\Ag
|7 eSS S HE TN
St:=At+ As Aog.s ;= As.s As =(Ai+1)+1
Al =(14+1)+4+1 Agti= A ¢ At =A + A
A il Ai.l .= Ag.l
Al.J = Ao




Attribute evaluation
S

N fé*\\




Encoding in almost linear AH

i i def
A—0—@ d—f>\W WMN
a@ﬁ = (@B s g~ 0
AJ.(M, N)

(M, NY(Ayz.Ply, z]) —p P|[M, N]
7 = Ax.x((1L+1)+ 1)1(Ast.t + s) A— S
TNHii== >\X1X2/jW.X1/j(>\51 [1.X2571 t1(>\52t2.W52t2)) A A— A
3 1= Nig((1 -F1) A

Sii="g

A:=0—>0—(0® o)



Attribute evaluation by B-reduction

S o

/XX 31 (NS +x
& >—0 L 9
AX1 X0 JW . X11J
()\51 t1.X051 b
()\Sgtz WSQtQ))
L | < . @- < _ S

AiJ. (l+1)+1j+/) A AU+ 1)+ L5 0

Ajw. (N (i + 1) +1,54+0))ij
(Asiti.(AJ((i+1)+1,j+1i))sit:1 |31 (Ast.t + )
()\521.'2 W52t2))

AW. (). (/—I-l)—|—lj—|—/))31
(Asitr. (AT +1)+ 1,/ + ))51t1> (Ast.t + s)
()\521'2 WSQtQ))

()\52 tb.wso o ))

AW. (A (1 + 1 I: 1))5 4
' i el EOR

N
( (>\51t1 (ANj (T +1)+ 1,5+ /))51t1> (Ast.t + s)

(>\52t2 W52t2))> (Ast.t+ s)

(7,9)(Ast.t+ s)

775 16



A second example

m:S—f A mTm:A—gAA m: A— b
t N RSl e i
) PS Ao — o999 A —eo—-o—0oe

@ 1 ®
s J T L
Sit:=At Ao.s = As.S As:=(Ai+1)+1
Ai=@+1)+1 Ao.t = Aot At =Aj+ Al
AJj =As+1 Ai.1 ;= Ao.I
Al.j :Aoj
AQ.I :Al.S
Ar = At

N
N



Attribute evaluation




Encoding in almost linear AH?

i i e > e A
t
A ti II &) ®
.,‘::1;14 \
/>\ (M. /\/\ % o e
Sim—-A 1T
Ai=(1+1)+4+1
Aj =As+1
1 = Ax.x((1+ 1)+ 1)?(Ast.t) A—>S

T =2 Xx((1+1)+1D)(x((1+1)+1)?(Xst.s+1))(Ast.t) :A—S
1 =214+ 1)+D)(x((L+1)+1)I(Ast.s+1))(Ast.t) :A—S

S =80
A:=0—0—(0® 0)




Encoding in almost linear AH?

i e S%fA ng%gAA
Vi £ 4 PR b
A—e—e > / \ / o ° .,.\,\\
/AIMAUN\ Aoo; A1 'j.'stA2
Ot — Ak
Al =(1+1)+1
Aj =As+1
Ty = AX.X(Ast.t((l—l—l)—l—l) (5((1—!—1)—|—1)—|—1)) A LTS
o 1= AX10W. X1 (AS1t1.X0(ASa o A A
w(AI.sa(sur) ) (Al t2(sui)(tris))))
3 ;= (M.(F+ 1)+ 1), Aij g+ 1) A
5¢=40

—(o0—>0)®(0o—0—0)



Encoding in almost linear AH

v ; m:S—Ff A M. A—>gAA
" M N + e
|} S ° Av—9o o 0o
33 ]
[ i \\ ///7 N
£ A | A
Alo—o—0—0 00— UG08 2
ﬁﬂ:éﬁﬁ,ﬁg:ﬁq%: [y .S el AR Y R O

ANiw.wM(N\jv.vIN)

ANw.wMNjv.vIN)P(Asy.yQ(At.R))

enter exit enfer exit give get give get
with with with  with input output input output
input  output  input output

= AX.x((1+ 1)+ 1)(Asy.y(s + 1)(At.t))
o 1= AX1X0 I W. X1 I (AS1Y1.X051 (ASo Y. WS (A V. yij( At yoti (At viEn)))))
T3 ;= AMw.w((i+ 1)+ 1D)(Njv.v(j+ 1))



Simple k-visit attribute grammars

@ An attribute grammar is simple k-visit if each
attribute of a nonterminal A has a fixed visit-
number < k such that the attributes with visit-
number j are computed at the j-th visit to A.

G

@ Every non-circular attribute grammar can be
made simple multi-visit by splitting nonterminals.



TT-AG C almost linear A-H

simple K-visit
attribute evaluation

attribute
evaluation
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input tree




Conclusion

® MSO-TGT = TT-AG = almost linear A-H

@ Linear A-homomorphisms characterize MSO-TT
(MSO transductions from tree graphs to tree
graphs)




