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1 Intr oduction

It haslong beenrecognizedhat certaintypesof anaphoricdependencies
naturallanguagecannotbe straightforvardly capturedoy variablebindingin
standardogic. They are‘intersentential’anddonkey anaphorawhich have
beenwidely discussedn theliteraturesinceGeachl1962. In the lastdecade,
they motivatedvarioussimilar proposalsof so-called'discoursesemantics’,
includingKamp1981,Heim 1982,Barwise1987,Rooth1987,andSchubert
andPelletier1989. Groenendijkand Stokhof srecent(1991)dynamicpredi-
catelogic (DPL) is anattemptto capturethe basicinsightsof earliertheories
in the form of a minimal modificationof first-orderlogic.

Its similarity with first-orderlogic givestheformalismof DPL somedis-
tinct advantagesDPL is easyto use;for thosefamiliar with first-orderlogic,
it is easyto developintuitionsaboutDPL. As alogical systenmcloselyrelated
to first-orderlogic, DPL naturally brings standardogical concernsnto the
picture, like the notion of logical consequencandits syntacticcharacteri-
zation. It is alsoeasyto considervariousextensionsof DPL analogougo
well-known extensionsof first-orderlogic.

This paperconcernsthe systemof DPL augmentedwith generalized
quantifiers.DPL with generalizedjuantifierscanbe seenasa refinemenbf
first-orderlogic with generalizedjuantifiers,just asDPL is a refinementof
first-orderogic. System®f first-orderdogic with generalizedjuantifiershave

*Thisis partof alargerwork onthe semanticof donkey sentencesnonotonicity
inference,andgeneralizedjuantifiersin dynamicpredicatelogic. Thefocushereis
onthelogicalissues.The morelinguistic half of thework will befoundin Kanazava
1993.Thepreparatiorof thepresentraftwaspartly supportedy projectNF 102/62—
356 (‘StructuralandSemantidParallelsin NaturalLanguagesindProgramming-an-
guages’) fundedby the Netherland€Organizationfor the Advancemenbf Research
(N.W.0O.).



beenstudiedmainly in mathematicalogic, but whenthe systemhasa two-
placegeneralizedjuantifiersymbolfor eachnaturallanguagedeterminerit
canbeconsideredsafairly goodmodelof a certainextensionafragmentof
naturallanguage Suchafragmentis studiedin generalizedjuantifiertheory
(van Benthem1986, Westersahl 1989), and DPL with generalizedquanti-
fiersis expectedto addto the theorythe capacityto treatanaphoricsubtlety
of naturallanguage.

Thekind of generalizedquantifierthatis of interesthereis what Groe-
nendijk and Stokhofwould call internally dynamicgeneralizedjuantifiers.
They allow anindirectbindingrelationto obtainbetweerdynamicexistential
quantifieran theirfirst agumentandcorrespondingariablesn their second
argument.An empiricalmotivationfor studyingsuchgeneralizedjuantifiers
comesfrom donkey sentencesvith relative clauses.The correspondencis
shavnin (1):

@1 a DetN[g...[NPi aNJ ...] [yp .--[np, pronouny....]
b. 2x(...8y...,...y...)

(1a)is adonkey sentencavith arelative clauselike Everyfarmerwhoowns
a donley beatsit. (1b)is a formula of dynamicpredicatelogic with gener
alizedquantifiers. 2 is aninternally dynamicgeneralizedjuantifiey and &
is the dynamicexistentialquantifierof DPL. Theanaphoriaelationin (1a)is
modelledby the indirect binding relationbetweenf’y andy mediatecby 2
in (1b).

An interestingtaskthat suggeststself is to develop atheoryof dynamic
generalizedjuantifiers,somethinganalogoudo the well-establishedheory
of ordinary generalizedjuantifiers(van Benthem1986, Westersihl 1989).
Sucha theory should formulate dynamic notions analogousto static ones
foundin generalizedjuantifiertheoryandprove formalresultsaboutdynamic
generalizedjuantifiers.This papercando no morethansuggeshow sucha
theorymight begin. While the standardyeneralizedjuantifiertheoryis given
at the denotationalevel, it will be corvenient,at leastfor a start,to speak
of dynamicgeneralizedjuantifiersmainly in syntacticterms,usinganalogy
with first-orderlogic with generalizedjuantifiers.

Specialattentionis paidto a notionof Monotonicitysuitablefor internally
dynamicgeneralizedjuantifiers. This is in partinspiredby a more general
problemof accountingfor monotonicityinferencein dynamiccontets. To
illustratethe problem,the following non-inferenceshavs thatonemusttake
carein draving monotonicityinferencein the presencef donkey anaphora:

2) [manwhoownsa garderj] C [manwhoownsa housé
No manwho ownsa housesprinklesit
No manwho ownsa gardensprinklesit

1Theexampleis adaptedrom vanBenthem1987.



Here, the first premiseis that the setof menwho own a gardenis a subset
of the setof menwho own a house,or every manwho owns a gardenis a
manwho owns a house. From the fact that the determinemo is downward
monotonein the first agument? one might expectthat the replacemenbf
manwho ownsa housein the secondpremiseby manwho ownsa garden
is truth-preservingwhich in factit is not. The problemis olbviously caused
by the presencef adonkey pronounit; comparghevalidity of theinference
from Nomanwhoownsa housds poorto Nomanwhoownsa gardenis poor,
underthesameassumptionNeverthelessit is notthecasethatmonotonicity
inferencedoesnotmake senseén donkey sentencesBoth of thefollowing are
valid instance®f monotonicityinference:

) No farmerwho ownsadonkey beatsit
No farmerwho ownsandfeedsa donkey beatsit

(4) No farmerwho ownsadonkey beatsit
No farmerwho ownsafemaledonlkey beatsit

What is called for is an appropriatedynamic senseof monotonicity more
restrictve thanthe usualonewhich accountdor the invalidity of (2) andthe
validity of (3) and(4).

Our concernfor Monotonicity for dynamic generalizedquantifiershas
anotherempiricalmotivationwhichis relatedto theissueof monotonicityin-
ference. Here, the taskis to predictthe interpretationof donkey sentences
with relative clausesfrom the monotonicity propertiesof the determiner
It hasbeenobsenred that two distinct typesof interpretationsare found in
donlkey sentencesvith determinersandrelative clauses.Oneinterpretation,
calledthe strong reading allows a paraphrasevith universalquantification
over donkeys, andthe otherinterpretationcalled the weakreading allows
a paraphrasevith existential quantificationover donkeys3 The interpreta-
tion standardlyassociatedvith Everyfarmerwho ownsa donley beatsit is
the strongreading: Everyfarmerwho ownsa donley beatsevery donley he
owns The (only) interpretationof No farmerwho ownsa donley beatsit is

2A determineiis saidto be dovnward monotonein the first-agument(| MON) if
its denotatiorQ,, in ary universeM satisfieghefollowing:

forall AL/A',BC M, QuABandA’ C Aimply Q,A'B.

ReplacingA’ C A in the abaove definition by A C A’ givesthe definition of upward
monotonicityin the first agument(f{MON). Monotonicity in the secondargument
(MONT, MON]) is definedanalogouslyMonotonicity in thefirst (secondargument
is alsocalledleft (right) monotonicity

3strongand weak readingsof donkey sentence$iave beendiscussedy Rooth
(1987), Chierchia(1990, 1992), and Gawnron, Nerbonne,and Peters(1991), among
others. The termsstrong readingandweakreadingare apparentlydueto Chierchia
(1990).



the weakreading: No farmer who ownsa donley beatsa donkey he owns
Theinterestindgactis thatin mary casespneor theotherinterpretatioris the
only availableone,or at leaststronglypreferred andwhich readingis avail-
ablecorrelatesvith the monotonicitypropertiesof the determiner Compare
thefollowing sentencegf which the availablereadingandthe monotonicity
propertiesof thedeterminemareindicated.

(5) Everystudentwho borrovedabookfrom Peterreturnedit
= Every studentwho borraved a bookfrom Peterreturnedevery book
heor sheborroved from Peter(strongreading, MONT)

(6) No studentwho borravedabookfrom Peterreturnedit
= No studentwho borroved a book from Peterreturneda book he or
sheborravedfrom Peter(weakreading,] MON )

(7) At leasttwo studentsvho borrovedabookfrom Peterreturnedit
= At leasttwo studentswho borrowved a book from Peterreturneda
bookthey borravedfrom Peter(weakreading,/MONT)

(8) Noteverystudentwho borrovedabookfrom Peterreturnedt
= Not every studentwho borronved a book from Peterreturnedevery
bookheor sheborrovedfrom Peter(?) (strongreading,JMON )

We find the correlationbetweenmonotonicitypropertiesof determinersand
interpretation®f donkey sentencegivenin Tablel. Thedatais actuallyquite

Availablereading(s) Determiners
TMONT  Weakreadingonly a, someseveral, at leastn, many
TMON| Strongreadingpreferred? notevery, notall
IMONT Strongreadingpreferred  every, all, FC any
IMON| Weakreadingonly no, few, at mostn
J7YMONT Both most

Table 1: Monotonicity of determinersand interpretationsof donkey sen-
tences.

comple, andwe cannotelaborateon Table 1 here? In this paper we will
simply assumehe dataas summarizedn Table 1, and give an explanation
of the obsened correlationusing the notion of Monotonicity for dynamic
generalizedjuantifiers.The key factis thatthe selectedeadingof a donkey
sentencevith a left monotonedetermineris the one on which monotonicity
inferencelike (3) and(4) comesout valid.

The paperis organizedasfollows. In Section2, we briefly look at first-
orderlogic with generalizedjuantifiersfrom a naturallanguageperspectie.

4For detaileddiscussion®f weakandstrongreadingsof donkey sentencesvith
relative clausesand of monotonicityinference,the readeris referredto Kanazava
1993.



In Section3, we introduceour versionof dynamicpredicatdogic. Section4

is devoted to the systemof DPL augmentedvith static and dynamicgen-
eralizedquantifiers. In Section4.1, we seetwo ways of defining dynamic
generalizedquantifiersin termsof static onesand dynamicconnectves of

DPL. In Sectior4.2,we considerdynamicnotionsof Conserativity. In Sec-
tion 4.3, a suitabledynamicnotion of Monotonicity is formulated,which is

then usedto explain the correlationgivenin Table 1. In Section4.4, we

demonstraté¢hat, underminimal assumptionsgjynamicdoublemonotonicity
actuallysenesasanimplicit definitionof adynamicgeneralizedjuantifierin

termsof a staticone. In Section4.5, a correlationbetweereft monotonicity
andmodel-theoretipreseration propertieds extendedto the dynamiccase.
Proofof theresultsin Sectionst.4and4.5is relegatedto Section4.6.

2 First-Order Logic with Generalized Quanti-
fiers

Beforeturningto dynamicpredicatdogic, let usbriefly look atordinaryfirst-
orderlogic with generalizedjuantifiers.The purposeof this sectionis to ex-
pressvariousgeneralandspecialpropertieof quantifiersasformulas(in the
caseof local conditionson the denotatiorin eachmodel)or model-theoretic
propertieof formulas(in the caseof globalconditionsoperatingacrosamod-
els)in thelanguageof first-orderlogic with generalizedjuantifiers.This will
prove corvenientwhenrecastinghesepropertiedn the dynamicsetting.

Thelanguageof first-orderlogic with generalizedjuantifiersis obtained
by addingtwo-placequantifiersymbolsto the languageof first-orderlogic.
If Qis ageneralizedjuantifiersymboland¢ andy areformulas,Qx(¢, )
is aformula. (We shall be mainly interestedn the casewhere¢ andy are
formulasof first-orderlogic.) The new clausein the Tarski style truth defi-
nition lookslike the following. Let M be a modelwith domainM. For ary
quantifiersymbolQ,

M |=Qx(¢.y)[s iff
({aeM[M E¢[s(a/x)]}.{ac M |M [ gls(a/x)] }) € Q™.

QM C pow(M) x pow(M) is theinterpretatiorof Q in M. s(a/x) denoteghe
assignmens’ suchthats'(x) = a ands'(y) = s(y) for all y # x. From this
definition, it follows thatequialentformulasarealwaysintersubstitutable.

Equivalence(EQUI).
VX(¢ < ¢ ) AVX(Y < @) — (Qx(¢, Y) < Qx(¢". ¢"))

Also, the choiceof boundvariableis arbitrary(with the usualprovisos).

Renaming. QX((x), Y(x)) < QY(d(Y)., Y(y))



For ary quantifierQ, the above two schematarealwaysvalid in first-order
logic with generalizedjuantifiers.

We intend eachQ to representa naturallanguagedeterminer Conse-
quently Q™ is notjust anarbitrarysubseof pow(M) x pow(M). Interpreta-
tionsof quantifiersymbolsareconstrainedby conditionsto besatisfiedwithin
andacrosanodels.

Firstly, QY shoulddependuston M, the universeof M. Thus,eachQ is
associateavith a functionalassigningo eachnon-emptysetU a subsetQ,
of pow(U) x pow(U). QM is setto Q,,. Moreover, Q,,’s must‘agree’with
eachotherin thesensehat

for all ALBC M,N, Q,,AB iff QAB.

This conditionis calledExtensior® As amodel-theoretipropertyof formu-
lasin ourlanguageit is expressedasfollows:

Extension(EXT). Forary M, N ands;VAR— M NN, if
{aeM[M [ ¢[s(a/x)]} ={acN|N|=d[s(a/x)]}

and
{aeM|M = y[s(a/x)]} ={aeN|N [ y[s(a/x)] },
then

ME=Qx(¢.g)ls iff N=Qx(¢,¥)ls.

Conservativitys oneof themostimportantpropertiesof quantifiersandit
hasbeenclaimedto hold universallyof all naturallanguageleterminer{Bar-
wiseandCooperl981,KeenarandStari 1986).At thelevel of denotationit
says

ForallA,BC M, QuAB iff Q,A(ANB).
The correspondindgormulais thefollowing:

Conserativity (CONS).
QX(¢. Y) < QX(¢. p A ).

EXT andCONSareuniversalprinciplesthat aresupposedo hold of all
naturallanguageyuantifiers.For ‘logical’ quantifiersanotheiprinciplecalled
Quantity(QUANT) is usuallyassumedywhich says(underCONSandEXT)
thatQy AB dependgustonthesizeof A— B andANB. QUANT doesnotplay
ary role in thiswork. Henceforth EXT andCONSwill alwaysbeassumed,
if Qs supposedo represent naturallanguagedeterminer

In additionto generalpropertiesike EXT and CONS,thereare special
propertiesof specificquantifiersthatareof interest.Monotonicityproperties
arethefocusof the presenpaper In termsof denotationsthey are:

St is called Extensionsinceit is equivalentto the conditionrestrictedto the case
M CN.



TMON  forallA,/A',BC M, Q,ABandA C A" imply Q,A'B
IMON forallA/A',BC M, Q,ABandA’ C Aimply Q,A'B
MONT7 forall A,B,B'C M, Q,ABandB C B' imply Q,,AB’
MON| forall A,B,B' C M, Q,;ABandB’ C Bimply Q,,AB'

In the languageof first-orderlogic with generalizedjuantifiers they areex-
pressedy thefollowing formulas:

Monotonicity.

TMON  vx(¢ — ¢') — (Qx(¢,¢) — QX(¢',¥))
IMON VX(¢’H¢)H( Qx(¢. y) — Qx(¢". ¢))
MONT  vx(y W’)H(Qx(fl’ ¥) — Qx(¢, )
MON|  Vx(¢' — @) — (Qx(¢, ) — QX(¢, )

SinceCONSgivestheleft agumentof a quantifiera privilegedrole, left
monotonicity(TMON, | MON) andright monotonicity(MONT, MON ) turn
outto beverydifferentproperties An illustrationof thedifferencds givenby
the following model-theoreticharacterizatiof left monotonicity adapted
from Westershhl 1989(p. 79).

PrRoOPOSITION 1. Assumethat Q obeys EXT and CONS. Then Q is
TMON (|MON) if andonly if Qx(P(x),R(x)) is presered underextensions
(submodels?.

Thegeneralizatiorof Propositionl will beof ourinterest(Sectior4.5).

3 Dynamic PredicatelLogic

Dynamicpredicatdogic of Groenendijkand Stokhof(1991)is presenteds
an alternatve interpretationof the languageof first-orderlogic. It is more
convenientfor our purposedo presentDPL as an extensionof first-order
logic. We provide all necessargefinitions,but cannotfully corvey theintu-
itions behindthe system.For that, the readeris referredto Groenendijkand
Stokhof1991.

Thelanguageof DPL contains,in additionto equality relationsymbols,
functionsymbols,constansymbols variables andstaticconnectives

- AV, o, e,V 3

6M is calleda submodebf N (M C N) if M C N andPM = PN | M" (restriction
of PN to MM for all n-ary relationsymbolsP, FM = EN | M" for all n-ary function
symbolsF, andc™ = cN e M for all constanisymbolsc. (In Propositioni, all that
mattersis the interpretationof P andR.) If M C N, N is called an extensionof M.
A sentence is saidto be preseredunderextensiongsubmodels)f M |= ¢ implies
N |= ¢ wheneerM CN (N C M).



from first-orderlogic, dynamicconnectives
wo= &

(dynamicconjunction,dynamicimplication,anddynamicexistentialquanti-
fier, respectiely). Moreover, | include‘meta’ connectives

which areinterpretedik e Groenendijkand Stokhof s equivalenceandmean-
ing inclusionrelativizedto modelsandassignments.

Thesemantic®f staticconnectvescanbe completelyexplainedin terms
of theusualsatishctionconditions:

M= ¢[s

(s satisfies¢ in M) just asin first-orderlogic. In contrast,the semantics
of dynamicand‘meta’ connectvesmustessentiallyrely on more‘dynamic’
transitionconditions

s[¢]w s

In Table 2, we give the semanticsof DPL asa simultaneougecursve
definitionof M |= ¢ (s ands[[¢],, S. Thenotionsof modelsandassignments,
aswell astheinterpretatiort™-S of atermt with respecto amodelM andan
assignmens arethe familiar onesfrom first-orderlogic.

Thenotionsof truth andvalidity aredefinedin the usualway in termsof
satishction: M = ¢ (¢ is truein M) if andonly if for every s VAR — M,
M E ¢[g; and= ¢ (¢ is valid) if andonly if for all M, M |= ¢.

Notethatfor 1-9,thedefinitionof M = ¢[g| is identicalto theusualone
in first-orderlogic. Consequentlyif ¢ is afirst-orderformula,M = ¢|[g] in
DPL if andonlyif M |= @]9 in first-orderlogic. In this sensewe cansayour
versionof DPL is anextensionof first-orderlogic.

Letuscall [¢],, = {s|M = ¢[] } thestaticdenotatiorof ¢ (in M), and
(¢l = {(sS) | s[[¢]y S} thedynamicdenotationof ¢ (in M). It is easy
to see[¢],, = dom([¢],,) (thedomainof [¢],,) for every formula¢; i.e.,
the staticdenotations alwaysrecoverablefrom the dynamicdenotation For
someformulas@, their dynamicdenotatiorcanbe extractedfrom their static
denotation—{¢],, =id | [¢],, (theidentityrelationrestrictedo [¢],,) holds.
Suchformulasarecalledtests

For 1-9,11, 13,and14, the definitionof s[¢ ]}, S is thesame—{¢],, =
id | [¢],,- Formulasof theseforms are always testsand have no external
dynamiceffect. For this reason,all connectves except; and & are called
externally static The staticconnectes (—, A, V, —, <, ¥, J) from fisrt-
orderlogic arealsointernally static If the main connectve of ¢ is one of
these the static,andhencedynamic,denotatiorof ¢ canbe calculatedrom
thestaticdenotatiorof its immediatesubformula(s)In contrastthe dynamic



) M = ¢[s] iff ... S[B], S iff ...

1.t =t s =) s=¢d andM = ¢|[g
2. Rty,....ta) (S, tNS) e RM s=¢d andM = ¢|g
3. g M = Y[ s=s andM = ¢[g
4. YAx MEgsandM Ex[§  s=<andM &= gl
5 yvyx M = [ orM = x[g s=s andM = ¢[g
6. Y—x M = (s impliesM |= x[s] s=s andM = ¢|s|
7. Yex M = @[g iff M =[] s=s'andM = ¢[s]
8. Wxy forallae M, s=¢5 andM = ¢[g
M = wis(a/x)]
9. Ixy for somea € M, s=s andM = ¢[g
M = Wis(a/x)]
10. y;x for somes,, s[[¢], S for somes’, s[[y]],, s
ands’ [xlly s
11. y=x forall s, s[y] s s=¢d andM = ¢[g
impliesM = x[s]
12. &xy for somes, s[¢]|, S for somea € M,
s(a/x) [W]u §
13. Y=~y forall s, s[[y],, s iff s=s andM = ¢[g
SIVYIVES
4. ¢p=yx forall s, s[y],, s s=s5 andM = ¢[g

impliess[[x]ly S

Table2: Semantic®f DPL.

connectves(;, =, &) andour ‘meta’ connectes(~, <) areinternally dy-
namic To calculatethe staticand dynamicdenotationof a formulawhose
main connecte is ;, =, ~, or <, the dynamicdenotationof its immediate
subformulasmustbe consulted.In the caseof &, [&xy],, is determineddy
[(Wln (EXYly = [3xY]y), butto calculate[&xy], onemustlook at [, -
Theconnectves; and& areevenexternallydynamic If themainconnectve
of g is; or &, @]y is notdetermineddy [¢],, in generalands ands such
thats[¢],, S canbedifferent’

"We notethat our useof the term ‘internally dynamic’is slightly differentfrom
Groenendijkand Stokhofs. Since~ and < createno new variable binding, they
would not be internally dynamicconnectiesin their sense.On the otherhand,their
usagewould make our 3 internally dynamic. (They do not have a precisedefinition,




A remarkon our ‘meta’ connectves~ and = is in order Groenendijk
and Stokhof(1991)use~ and < assymbolsin the metalanguagein their
paper‘¢ ~ ¢’ and‘¢ < ¢’ mean'for allM, [¢], = [¢],," and‘for allM,
(¢l < [Wy's respectiely. If wewrite s[¢]y, for {s | s[[¢]l, s},

Mi=¢~yls iff sy =s[d]u,
M=o =<yls| iff sl¢lly Ss[dlu.
Mg~y iff ¢y =0l
Mg =y iff ¢y <oy,

and

o~y iff forallM, o]y =[¢]y.
¢ =y iff forallM, (@]l S [¢ly-

Thus, Groenendijkand Stokhofs ‘¢ ~ ' and‘¢ < ¢’ areour ‘= ¢ ~ ¢’
and‘= ¢ < ¢'. Thisjustifiesour own useof their symbols.~ and < will
be usefulin expressingcertainprinciples, and are not intendedfor usein
representingnaturallanguagesentencesln whatfollows, metavariabledik e
¢ andy will alwaysrangeover formulaswithout ~ or <. Notethat¢ ~ ¢
isequivalentto (¢ < Y)A (Y < ¢).

Thereis an obvious correspondencbetweendynamicconnectves and
their staticcounterpartsif ¢ andy areteststhefollowing equivalencesare
valid:

) o0 =~ oY
(10) p=X =~ ¢—Xx

(In (10), x doesnothaveto beatest.)Also, for ary ¢ 8
(12) EXY — Ix¢
However, evenif ¢ is atest,

EXP ~ Ix¢

usuallydoesnot hold. Although; just passe®n, soto speak,the external
dynamicforce of its conjuncts partof the externaldynamicforce of £x¢ is
createdby &x.

however.) We canstateour definitionin the following way. A connectve C is exter
nally staticif a formulawith C asits mainconnectve is alwaysa test. OtherwiseC
is externallydynamic.C is internallydynamicif the dynamicdenotatiorof aformula
with C asits mainconnectve cannotin generabedeterminedy thestaticdenotation
of its immediatesubformula(s)Otherwise C is internally static.

8Henceforthye mayjustassert formulato meanit is valid.

10



The‘meta’ connectves~ and= correspondo < and—. If ¢ andy are
tests,

(9=y¢) = (p=y)
9=y¢) = (p—0)

Notealsothatfor ary ¢ andy,

(¢=¢) — (9<=u)
¢=y¢) — (¢—y)

Both = and < correspondo —. If ¢ andy aretests,¢ = ¢ and¢ =<
Y are equialent. Intuitively, the differencebetween=- and < is that the
semantic®of theformeris ‘sequential’'while thatof thelatteris ‘parallel’.

Notethat=- andthestaticconnectesexcept— aredefinablein termsof
-, ;, andé&, usingtheequivalences:

p=¢ =~ —(¢;-y)
p—y¢ ~ ~Y=-¢
VX ~ —=EXx-¢

and the standardequivalencesin first-order logic. See Groenendijkand
Stokhof1991for details.

The mostimportantpropertiesof dynamicconnectvesare expressedn
thefollowing equialences:

(12) (0;0)x =~ ¢:(y;x)
(13) EXPip =~ Ex(¢;Y)
(14) Exp=y =~ VX(¢=y)

In the lasttwo schemata(13) and (14), thereis no restrictionon ; unlike
the correspondingequivalencesn first-orderlogic, x canoccurfreein .°
Thesepropertiesof dynamicconnectvesareusedto represenintersentential
anddonkey anaphoran naturallanguage For example,onemaytranslate

If Pedroownsadonley, it is keptin thebarn
in DPL as
&x(donkey(x) ; own(Pedrgx)) = kept-in-the-bar(x).

°In first-orderlogic, if x doesnotoccurfreein s, 3Ix¢ A ¢ andIx¢ —  areequiv-
alentto Ix(¢ A @) andvx(¢ — ), respectiely. If xis freein ¢, theequialencesio
notholdin general.

11



Thelattercanbeseerto beequivalentto
vx(donkey(x) A own(Pedrox) — kept-in-the-bar(x)).

For nz(())re examplesand discussion,see Groenendijkand Stokhof 1990,
1991:

Groenendijkand Stokhof(1991)defineAQV(¢), the setof activequan-
tifier variablesof ¢, andFV(¢), the setof freevariablesin ¢. AQV(¢) will
be very importantin what follows. We defineAQV(¢) asfollows. An oc-
currenceof a dynamicexistentialquantifierin ¢ is called potentiallyactive
if it doesnot lie within the scopeof ary externally static connectve in ¢.
For ary variablex, the rightmostpotentiallyactive occurrenceof £xin ¢ is
calledan active occurrenceof &x. AQV(¢), then,is the setof variablesx
suchthatthereis anactive (or, equivalently, potentiallyactive) occurrencef
&xin ¢. FV(¢) is definedin termsof anotherusefulnotion, fv(¢), the set
of free occurrencesf variablesin ¢. Table3 givesthe definitionof fv(¢).1*
Like GroenendijkandStokhof,we allow oursehesto besloppy by nothaving
an explicit way of referringto occurrencesFV(¢) is thendefinedto be the
setof variablesx suchthatthereis anoccurrencef x in fv(¢).

If ¢ is afirst-orderformula, AQV(¢) = 0 andFV(¢) is the setof free
variablesin ¢ in theusualsense.

Thefollowing factspointto the ‘meaning’of AQV(¢) andFV(¢):

o If for someM, thereares ands' suchthats[[¢]},, s ands(x) # s'(x),
thenx € AQV(¢).

e If x¢ FV(¢), thenfor all M, for all s VAR— M andae M, M = ¢
iff M = ¢ [s(a/x)].

10Groenendijkand Stokhofexpressthe fact that (13) and (14) arevalid by saying
thatthe dynamicexistential quantifiercanbind variablesoutsideits syntacticscope.
For GroenendijkandStokhof,freeoccurrencesf x in the secondconjunctof &x¢ ; @
areboundby the dynamicexistential quantifierin the first conjunct,andfree occur
rencesof xin theconsequendf £x¢ = Y areboundby thedynamicexistentialquan-
tifier in the antecedent.This terminology might be misleading. In theseformulas,
&x doesnot bind the x in ¢ andthex in ¢ in the sameway. If anything, it is the
combinationof the dynamicexistentialquantifierandthe dynamicmainconnectve (;
or =) thatbindsthex in . (Thiswill be moreapparentvhenthe main connecte
is a dynamicgeneralizedjuantifier) It is clearthatthe occurrence®f x in thesefor-
mulasarenot like free variablesin first-orderlogic, andsol will follow Groenendijk
and Stokhofin sayingthatthe free occurrence®f x in ¢ are‘bound’ in £x¢ ; ¢ or
&Ex¢ = . 1 will avoid, hawever, the terminology‘boundby &X' in suchcasesthe
‘binding’ relationbetweernx and&x is anindirectonemediatecby ; or =. Cf. Bar
wise’s (1987)three-vay distinctionbetweercaptued restmined andfree

Hwe do notincludeclausegor ‘meta’ connectves,asthe notionof freevariables
sometimesloesnot quite behare asexpectedn the presencef ~ or <.
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¢ fv(¢)

1Lt =t all occurrencesf variablesin ¢

2. R(t,....tn) all occurrencesf variablesin ¢

3. ~w fv(y)

4. YAX () Utv(x)

5 yvx () Utv(x)

6. w—x fv(g)utv(x)

7. Yo fv(g)utv(x)

8. Wxy fv(y) minusall occurrencesf x
9. Ixy fv(y) minusall occurrencesf x
10. w:x V() u{xetv(x) | xZAQV(Y)}
1. g=x N U{xeN(x)|xZAQV(Y)}
12. &xy fv(y) minusall occurrencesf x

Table3: Definition of fv(¢).

As is alreadyclear by now, the dynamicexistential quantifier& plays
a pivotal role in DPL. All ‘dynamics’ of DPL formulasoriginatein actve
occurrencef &. If AQV(¢) = 0, then ¢ is a test (but not necessarily
corversely)!?

In a certainsensethe semanticof & canberegardedasa reconciliation
of two competingviews on indefinite nounphrasesn naturallanguage:the
traditionalideaof ‘indefinitesasexistential quantifiers’andthe ideaof ‘in-
definitesasvariables’madepopularby discourserepresentatiotheory For
example,considertheformula&’xP(x). Onecaneasilysee

dom([&xP(X)[y) = [AXP(X)]y,
ran([ExP(X)ly) = [P(X)]y-

Let us make this obsenation moregeneral.To make matterssimple,we
confineoursehesto formulaswith certaindesirablesyntacticproperties.in
whatfollows, let ¢ rangeover formulaswhich satisfythefollowing two con-
ditions:

(15) AQV($)NFV(¢)=0.

(16) For ary variablex, thereis at mostonepotentiallyactive occurrencef
&Exin @.

2Formulas¢ with AQV(¢) = 0 correspondo what Groenendijkand Stokhof
(1991)call conditions They make afalsestatementhat¢ is atestiff ¢ is acondition
or acontradiction(FACT 6, p. 58). A countergampleis X = a; &x(x = a), whichis a
test,but not a conditionor a contradiction.[x = a;&x(x = a)]y = [x= a]y,. Their
claim holdswhenconfinedto thecaseAQV(¢) NFV(¢) = 0.
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(15) excludesformulaslike P(x); £xR(x), and (16) excludesformulaslike
EX(P(X); £xR(X)). Neitherrestriction,however, essentiallyreduceshe ex-
pressve power of thelanguage:® Now define¢* to betheresultof erasing
all (potentially) active occurrence®f dynamicexistential quantifiersin ¢.
For example,

(farmexx) ; &'y(donkey(y) ;own(x,y)))*
= farmexx) ; (donkey(y) ; own(x,y)).
Then

dom([#ly) = [Fxy-..Fxad*ly.
an(¢ly) = 6%y

where{x,,..., X} = AQV(¢).14
Herearesomemoreimportantequivalences.

(17) b Y=x ~ ¢=UW=Xx)
If x & FV(9) UAQV(9),

(18) O, XY ~ EX(¢Y)

If AQV(¢)NFV(y) =0,

(19) o0 < dAY

(20) b=y ~ ¢y

(19) and (20) generalize9) and (10). The ‘internal dynamics’of ; and=
is exhaustedy their capacityto mediateindirectbindingdiscusse@bove; if
AQV(¢)NFV(¢) = 0, this doesnot happenand; and=- collapseto A and
— (asfar asthe satishctionconditionsareconcernedin the caseof ;).
Replacemenof equivalentsn DPL. In first-orderlogic, equivalentfor-
mulasareintersubstitutablealvaveritate Formally, if ¢ (() is afirst-order

13 For ary formula g, a formula ¢ which meets(15) and (16) suchthat ¢ <
canbeobtainedby mererenamingof variables.(15) is discussedy Groenendijkand
Stokhof(1991). Formulaswhich violateit arearguablynever necessaryo represent
naturallanguagesentencesnd discourses.As for (16), note that, for any formula
Y satisfying(15), thereis a ¢ satisfyingboth (15) and (16) suchthat ¢ ~ . For
example,

EX(P(X);EXR(X)) =~  IxP(X); EXR(X)

14By cornvention,the notation¢* will alwayspresuppos¢hat ¢ satisfieg(15) and
(16) in theremaindeiof the paper
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formula with subformulay, and {x,,...,x} arethe variableswhich have
occurrencedn (fv(y) —fv(¢(y))) U (fv(y') —fv(¢(¢))),

(21) VX Xa(@ = @) = (0(g) < ¢())

An analoguef (21)in DPL s thefollowing: if ¢ () andy’ areDPL for-
mulas(without ‘meta’ connectves)and{x,,...,xn} arethe variableswhich

have occurrenced (fv(g) —fv(¢ () U (fv(¢') —fv(d(¢))),

(22) VX Xn(W = ) — (9(Y) ~ d(W))
(In cased () and¢ (') containno freevariablesthis amountgo
V(g ~y')— (9(w) ~ oY),

whereV indicatesuniversalclosure.)In particular we notethevalidity of the
following. Let {x,,... , X} = AQV(Y).

(23) Y=Y AYX X =X) = (WX =YX

24 Y=Y AL XX o X)) = WX =Y =)

(25) XY~y —  (EXY~EXY)

With this muchbackgroundwe arenow readyto introducegeneralized
quantifiersnto dynamicpredicatdogic.

4 GeneralizedQuantifiers in Dynamic Predicate
Logic

We canintroducestaticgeneralizedjuantifiersinto dynamicpredicatdogic
in the obviousway. If ¢ = QX(y, X),

M = ¢[s iff
({aeM|M = yls(a/x)]},{ae MM = x[s(a/x)] }) € Qy,
s[¢]ly s iff s=s andM = ¢[s].
This wastheformatfor all staticconnectvesin DPL.15
15Theneaw clausefor fv(@) is:

¢ fv(¢)
13. Qx(y.x) fv(y)ufv(x) minusall occurrencesf x

Q s externallystatic,soif ¢ = Qx(y, x), no occurrencef dynamicexistentialquan-
tifier in ¢ is potentiallyactive,andAQV(¢) = 0.
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Sincewe built our versionof DPL as an extensionof first-orderlogic,
DPL with staticgeneralizedjuantifiers(DPL(Q)) in turn becomesan exten-
sion of first-orderlogic with generalizedjuantifiers.For ary staticgeneral-
ized quantifierQ, Q behaesin DPL(Q) justlike it doesin first-orderlogic
with generalizedjuantifiers. Basic principleslike EQUI and Renamingre-
mainvalid in DPL(Q), metaariableslike ¢, s, etc.,now rangingover for-
mulasof DPL(Q). For Q representingaturallanguageleterminersEXT and
CONScontinueto hold in DPL(Q), anddependingon the kind of quantifier
it is, oneor moreof the MON formulasremainvalid.

To modeldonkey sentencewith DPL, additionof staticgeneralizedjuan-
tifiers will not be enough;we needto introducedynamicgeneralizedjuan-
tifiers into DPL (DPL(Q, £)). Suchquantifiersmustallow active dynamic
existential quantifiersin their first agumentto provide valuesfor free vari-
ablesin their secondargument;i.e., they mustbe internally dynamicin the
way ; and=- are. We may wantsomedynamicgeneralizedjuantifiersto be
externallydynamicaswell, to modelafew naturallanguageadeterminerghat
shawv anexternaldynamiceffectlike someanda. Neverthelesssincewe are
not concernedwith the external dynamiceffect of donkey sentencein this
paper we will ignore suchpossibilities,andwork with internally dynamic
but externally staticgeneralizedjuantifiers We usescript 2 asa symbolfor
suchdynamicgeneralizedjuantifiers.

Thedefinitionof fv(¢) is naturallyextendedasfollows:

¢ fv(¢)

14. 2x(¢,x) Nu{yefv(x)|ygAQV(Y)}
minusall occurrencesf x

Since 2 is externally static, if ¢ = 2x(y, x), no occurrenceof dynamic
existentialquantifierin ¢ is potentiallyactive,andAQV(¢) = 0.

It is not a straightforvard matterto give a generaformatfor the seman-
ticsfor dynamicgeneralizedjuantifiersaswe did with staticones.lt seemdo
methatthereis somearbitrarychoiceto be madein assigningdenotationgo
dynamicgeneralizedjuantifiers.For Chierchia(1990,1992),dynamicgener
alizedquantifiersarerelationsbetweerdynamicpropertiesandthelatterare
functionsfrom individualsto relationsbetweenassignmentsRooth (1987)
takes relationsbetweenparametricsets,the latter being setsof individual-
assignmenpairs. Suchsemantionotionsof dynamicgeneralizedjuantifiers
maynotbefully satishictory sincepossibleargumentof suchrelationsmust
berestricted(only valuesfor finitely mary variablesshouldmatter).It is like
taking relationsbetweersetsof assignmentasdenotation®f staticgeneral-
ized quantifiers. What we wantis an analogueof relationsbetweensetsof
individuals. (Useof partialassignmentsould improve the matter however.)

It is possibleto think of dynamicgeneralizedjuantifiersasa restricted
classof polyadicquantifiers(of variableadicity). Soadynamicgeneralized
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quantifier2 canbeassociatedvith afamily of two-placepolyadicquantifiers
2, 22, ..., where 2V, is abinary relationbetweem-ary relationson M.

w’'S must‘agree’ with eachotherin somesense.Thenwe may definethe
satisactionconditionsfor ¢ = 2x(y, x) thus:

M- gl i
({(a,by,....bn) | s(a/x) [W]y s(a/x.b;/yy,....bn/Yn) },
{(@by,....bn) [M = x[s(a/x,by/yy, ..., bn/yn)] }) € le,

where {y,,...,yn} = AQV(¢).1® The ideais to interpret 2x(y, x) like

Q" Ixy, ...yn(W*, X), where Q"1 is a two-place n + 1-adic generalized
quantifier (Thelatterformulais reminiscenpf discourseepresentatiothe-

ory.) However, this formatis still too generalandreferenceo AQV(y) may

bevexing.

Fortunately we candevelop a theoryof dynamicgeneralizedjuantifiers
largely without taking a stanceon what the right notion of denotationis for
dynamicgeneralizedquantifiers. This is becausegropertiesof a dynamic
generalizedquantifier 2 canbe statedas propertiesof formulas 2x(¢, ),
aswe did with staticquantifiersin Section2. Moreover, particulardynamic
generalizedjuantifierswe will considerarein factthe onesgivenby simple
definitionsin termsof staticquantifiersanddynamicconnectvesof DPL.

Here,we notesomeolvious principles. As with staticgeneralizedjuan-
tifiers, dynamicgeneralizedjuantifiersallow renamingof theboundvariable
(with afreshone)?’

Renaming. 2X( (%), P (x)) = 2y($(y), ¥(y))

Sinceour dynamicgeneralizedjuantifiersareexternally static,the above «
canbereplacedy ~.
Thesameshouldhold for variablesthatgetboundindirectly:

SubordinatdRenaming.
OX(¢,Y) < 2x(¢’, Y[z/y])

wherey € AQV(¢), z is a freshvariable, ¢’ is the result of replacingoc-
currencef y notfreein ¢ by z, and @[z/y] is the resultof replacingfree
occurrencesfyin ¢ by z

16x ¢ AQV(y) is assumedAn alternatve would be:

M =l iff

where{y,,....yn} = AQV(¢) N FV(X).
Here,we musthavex € AQV(¢(x)). (yis fresh,sowe alsohavey & AQV(¢(y)).)
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The principle of Equivalencetakesthe following form. If {y;....,yn} =
AQV(9),

DynamicEquivalence(DEQUI).
VX(§ ~ @) AVXYY V(W @) — (2X(9, ) < 2x(¢".4))

The dynamiceffectsof dynamicexistentialquantifiersin the first algument
of 2 reachinto the secondargument. This requiresthe extra quantifiers
Yy, ... Vyn in thesecondconjunctof theantecedentustaswith dynamicim-
plicationof DPL, internaldynamicsof dynamicgeneralizedjuantifiersgoes
only oneway; the dynamiceffects of the secondargumentdoesnot matter
whenceonly the staticequivalence« is requiredwith respecto the second
argument.(Comparg24).)

The aborve threeprinciplesalwayshold for internally dynamicbut exter-
nally staticgeneralizedjuantifiers.

4.1 Chierchia’s Two Definitions of Dynamic Generalized
Quantifiers

Herewe follow Chierchia(1990)andexplorewaysof definingdynamicgen-

eralizedquantifierswithin theresource®f DPL with staticgeneralizedjuan-

tifiers. Chierchia(1990)hastwo schematdor definingadynamicgeneralized
quantifierin termsof a staticcounterpart.One schemais usedto represent
theweakreadingof donkey sentencesandthe otheris usedto representhe

strongreading. In our presentset-upof dynamicpredicatelogic with gen-

eralizedquantifiers,they come out as follows. For ary static generalized
quantifierQ, definetwo dynamicgeneralizedjuantifiers2,,, and 2 by:8

(26) X9, @) < Qx(¢.9:y)
(27) 2X(.¢) < QX¢.¢ =)

(26)is for theweakreading,and(27) s for thestrongreading®®
Let uswork outanexample:

(28) Mostfarmerswho own adonkey beatit.

18Chierchias (1990)own schematarecastin a higherorderframavork. Also, for
somemysteriousreasonhe doesnot use=- in (27), andinsteadusesan ‘adverb of
guantification’of universalforce. It is clearthat=- doesthe samgob. Essentiallythe
samedefinitionsas(26) and(27) arealsofoundin vanEijck andde Vries 1992.
19Notethatif Q satisfiesCONS,andif AQV(¢) NFV(y) =0,

2wX(o. ) < 2x(0.¢) < QX¢.Y).
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Thefirstagumentof most farmeiswhoowna donley, is translatednto DPL
as:

(29) farme(x); &y(donkey(y) ; own(x,y)).
Thesecondargumentpeatit, is translateds:

(30) beatx,y).

Thetwo reading=f (28) arerepresentedly thefollowing two formulas:

(381) .40 T\yx(farme(x);&y(donkey(y);own(x,y)). beatx.y))
(32) A0 T x(farme(x);&y(donkey(y);own(x,y)), beatx,y))

By definition,(31) and(32) areequialentto (33) and(34), respectiely.

(33) MOSTx(farmexx) ; £y(donkey(y) ; own(x,y)),

(farme(x); &y(donkey(y) ;own(x.y))) ; beatx,y))
(34) MOSTx(farme(x) ; &y(donkey(y) ; own(x,y)),

(farme(x); &y(donkey(y); own(x,y))) = beatx.y))

By severalvaliditiesin DPL mentionedkarlier we get

farmexx); £'y(donkey(y); own(x,y))
— farmelx) A Ix(donkey(y) A own(x,y)).

Similarly, we have

(farmexx) ; &’y(donley(y);own(x,y))) ; beatx,y)
— farme(x) A Jy(donlkey(y) A own(x,y) A beatx,y))

and

(farme(x) ; £y(donkey(y) ;own(x,y))) = beatx,y)
— farmefx) — Vy(donkey(y) Aown(x,y) — beatx,y)).

Using EQUI, then,we seethat(33) and(34) areequialentto (35) and(36),
respectiely:
(35)  MOSTx(farmeKx) A Jy(donkey(y) A own(x,y)),

farme(x) A Jy(donkey(y) A own(x,y) Abeatx,y)))
(36)  MOSTx(farme(x) A Jy(donlkey(y) A own(x,y)),

farmexx) — vy(donkey(y) A own(x,y) — beatx.y)))
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By CONS,(35) and(36) in turn areseento be equivalentto (37) and (38),
respectiely.

(37) MOSTx(farmefx) A Jy(donkey(y) A own(x,y)),

Jy(donlkey(y) A own(x,y) A beatx.y)))
(38) MOSTx(farme(x) A Jy(donkey(y) A own(x,y)),

vy(donley(y) Aown(x,y) — beatx,y)))

Notethat(37) and(38) correspondo thetwo paraphraseblostfarmeis who
own a donley beata donley they own and Most farmeis who own a donkey
beateverydonley they ownof (28), respectiely.

The equivalencedike thesehold in general.If Q is conserative, X,y &

AQV(X(xY)), andx & AQV(¢(x)),

(39) X9 (X); EyX(XY), Y(xY))
= QX(@(X) ATyX(xY), IY(X(XY) AP(XY)))
(40) QSX((I) (X) ; 5YX(Xa y)v W(Xa y))

= QXP(X)ATYX(XY), YY(X(Xy) = W(Xy)))

Theformulason theright-handsideof (39) and(40) areschematiagepresen-
tationsof theweakandstrongreadingsof donkey sentencesf the form (1a)
in first-orderlogic with generalizedjuantifiers.

Thus,the problemof choosingbetweerthe weakandstrongreadingsof
donlkey sentence®ecomeshe problemof choosingbetween2,, and 2.
Our agendais to choosebetween?,,, and 2¢ on the basisof monotonicity
propertieof Q. Beforeturningto this task,however, let us sidetracka little
bit andlook at a differentpossibleway of discrimination.

4.2 Dynamic Notions of Consewativity

Chierchia(1990)claimsthatthereis ana priori reasorto favor 2,,, over 24
regardlessof thekind of quantifierQ is. His reasornis that 2,,,, but not 2,

canbesaidto bedynamicallyconserative. A dynamicgeneralizedjuantifier
2 is saidto bedynamicallyconserative in Chierchias senseéf thefollowing

is valid:

DynamicConserativity 1 (DCONS1).
2X(¢,¢) — 2x(¢,9:¥)

DCONSL1is supposedo bethe dynamicanalogueof CONS.Giventhat; is
the dynamiccounterparbf A, thereis a goodcorrespondencelt is easyto
seethat2,,, but not 2, satisfiesDCONS12°

20Thereis a proviso that AQV(¢) NFV(¢) = 0. (See(15) andfootnote13.) This
conditionis necessaryo make mary otherreasonablstatementsg.g.,thevalidity of
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SinceCONSis a fundamentapropertyof static generalizedquantifiers
representingaturallanguagedeterminersywe would naturally expectsome
dynamicversionof CONSto hold of dynamicgeneralizedjuantifiers,and
DCONSIis certainlyonenaturalcandidate Chierchias mistale wasto think
DCONSL1is the only naturaldynamicanalogueof CONS.He states:‘l see
no non-trvial sensein which [strongdynamicdeterminerspur 25—M.K ]
may besaidto bedynamicallyconserative’ (p. 21). However, thereis anon-
trivial sensen which 25 may be saidto be dynamicallyconserative. It is
thefollowing:

DynamicConserativity 2 (DCONS2).
X9, Y) < 2x(¢.¢ = ¢)

It is easyto seethat 2, but not 2,,, satisfiesDCONS2.
Why is DCONSZ2 a natural dynamic analogueof CONS?Clearly, the
staticschemacorrespondingo DCONS2is

CONS?2. QX(9, ) < QX(¢.¢ — ¢)

But CONS2is equivalentto CONS:they expressone andthe samecondi-
tion on Q.21 SinceCONS2alsoexpressegstatic) Conserativity, DCONS2
canalsobesaidto bea naturaldynamicversionof Conserativity. If so,one
cannotchoosebetween?,,, and 2¢ on the basisof a criterion like conser

vativity, contraryto Chierchias claim. Unlike CONSandCONS2,DCONS1
andDCONS2arenot equialent. They aredifferent,but equallynatural,dy-

namicversionsof thenotionof conserativity. | donotseeary goodgrounds
for choosingoetweerDCONS1andDCONS222

p=¢ord;p~¢.

Proof of the claim. As for 2,,, since; is associatie (see(12)), it is sufiicient to
obsere ¢ ~ ¢ ;¢ if AQV(¢)NFV(¢) =0. Asfor 2, obserethat(¢ = ¢ ;) ~
(0 —¢;y) sothat2x(9, ¢ ;Y) — QX(¢,¢ — ¢;¢) — QX(9,d;Y) <= 2y X(¢.Y)
(assumingconserativity of Q).

21proof. AssumeCONS.Then

QX(¢.¢ =) < Qx¢.9A(¢—y)) (CONS)
= Q9,9 AY) (PN (¢ =) = dAY)
= Qx¢,¥) (CONS)

For thecorverse,assumeCONS2.Then

QX($.0AY) = Qx$.¢—¢AY) (CONS2)
o QXEp—w) (D — AW —(d— W)
- QX9.9) (CONS2)

(Themiddle stepsmale useof EQUI.)

220f courseyiewed asinferential principles CONSandCONS2arenotthe same.
Onemightarguethat DCONS1is ‘more natural’since,like CONS, it correspond$o
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We saw earlierthat connectvesin first-orderlogic may have morethan
one dynamicrealizationin dynamicpredicatelogic. Here, we are observ-
ing a similar phenomenonConditionson staticgeneralizedjuantifierslike
Consenrativity mayhave avariety of non-equvalentdynamiccounterparts.

In fact, thereis yet anothemotion of dynamicconserativity which holds
of both 2, and 24. This third notion of dynamicconserativity, which
I in fact think is the most natural one, can be given in terms of the *-
transformatiordefinedin Section3.

DCONS*. X9, ) — 2x(d,9* AY)

Recallthat ¢* is the resultof erasingall potentially active occurrence®f
dynamicexistentialquantifieré® and

ran([¢lw) = [¢*Iw

thatis, ¢* expresseshe‘dynamiceffect’ of ¢. WhatDCONS*saysis this: to
know [2x(¢, )]y, it is notnecessaryo look atthewholeof [y],,; knowing
ran([¢]l,,) N [Y]y is enough. This is a very natural condition, since, like
dynamicconnectvesof DPL, internally dynamicgeneralizedjuantifiersare
supposedo evaluatethe secondargumentwith respectto assignmentshat
areoutputsof thefirst amument2*

anaturalform of inferencein English:

DetN VP « DetNisaN andVP

E.g.,

Detfarmerwho ownsadonkey beatst «
Detfarmemwhoownsadonkey is afarmerwhoownsadonkey andbeats
it

ExpressingdCONS2in Englishis moreawkward:

Detfarmerwho ownsadonkey beatst «—
Det farmerwho owns a donkey is suchthatif heis afarmerwho owns
adonley, hebeatsit

(CONS2maybeexpresseds'Det N VP — DetN VP if he(she,etc.)is aN’, butthis
doesnot work for DCONS2.) However, unlike Monotonicity | think Conserativity
shouldbethoughtof asa principleaboutinterpretationnotinference.lt is difficult to
imagineEnglishspealersever resortto paraphrasebk e the above. Prolix formslike
‘Det N is aN andVP’ have little usein ordinarydiscoursejn fact,| eventhink such
paraphrasabilitynay not beimmediatelyrecognized.

23As before, ¢ is assumedo be suchthatit satisfies(15) and (16) in Section3,
thatis, AQV(¢) NFV(¢) = 0 andthereis for ary variablex at mostonepotentially
active occurrenceof &£x. Under (15), the secondrestriction(16) canbe avoided by
complicatingthe transformatior(seefootnote13).

2470 capturethis ‘spirit’ of DCONS*without restricting¢ to formulasthatsatisfy
(15)and(16), we mightintroduce* asanew operatotin thelanguagesothat[¢*],, =
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Three notions of Dynamic Consenrativity, when confinedto the case
AQV(¢)NFV(y) = 0, all turn outto be equivalentandamounto:

2X(p. ) < 2x(¢,¢AY) FAQV(P)NFV(Y)=0.

Clearly, dynamicconjunctionanddynamicimplicationsatisfythefollow-
ing, which areanalogouso DCONS*:25

(41) ¢y <= $i(9*AY)
(42) p=y¢ < o=(¢"AY)

From this it follows that both DCONS1and DCONS2imply DCONS*26
Therefore DCONS*is satisfiedoy both 2,,, and 2,

| adoptDCONS* as our official versionof dynamicconserativity for
the following two reasons.Firstly, DCONS1and DCONS2are too strong
principles;they seemto do more thanwhat dynamicconserativity should
do, sincethey essentiallyreducedynamicgeneralizedjuantificationto static
generalizedquantificationcombinedwith dynamicconjunctionor implica-
tion. (On the right-hand side of DCONS1 and DCONS2, no ‘dynamic
binding’ occursbetweenthe two agumentsof 2, exceptin the anomalous

ran([¢],,) for anarbitraryformula¢. In fact, eventhis canbe avoidedif we adopt
thefollowing form of DynamicConserativity:

DCONS. X(¢ = (Y= ) = (2X(¢.9) < 2X(.¢)).

DCONS implies DCONS* in its operator version, and, when ¢ satisfies (15)
(AQV(¢)NFV(¢) = 0), corversely They both coincidewith DCONS*in its trans-
formationversionwheng¢ satisfiedboth (15) and(16). We opt for thetransformation
versionof DCONS*for simplicity.

25(41) canbeturnedinto afull dynamicequivalenceusing; insteadof A:

o~ ¢(¢*:Y)
260y, if DCONSL,
X9, 9*ANY) < 2x(¢,¢9.(¢*AyP)) (DCONS1I)
= OX9,0:¢) (41)
o 2%(,P) (DCONS1)

andif DCONS2,

2X(¢9,0* ANY) < 2x(¢.0 = ¢*A) (DCONS2)
= IX0,¢ =) (42)
o 9x(¢, ) (DCONS2)
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caseAQV(¢)NFV(¢) #0.) They restrict the classof dynamicgeneral-
ized quantifierstoo narrovly—for ary staticgeneralizedjuantifier a unique
dynamicgeneralizedjuantifierwould be determined.In contrast DCONS*
is a principle purely aboutdynamicquantification,andit leavesmary inter-
estingoptionsopen. For example,the hypotheticakeadingof ‘Most farmers
who own a donkey beatit’ paraphrasetly ‘Most farmerswho own a donkey
beatmostdonlkeys they own’ canbe representedby a dynamicgeneralized
guantifiersatisfyingDCONS*. Secondly DCONS* is sufiiciently strongto
establishsomeelegantresultsin the theoryof dynamicgeneralizedqjuanti-
fiers. Strongemotionsof dynamicconserativity arenotnecessarg’

4.3 Monotonicity for Dynamic GeneralizedQuantifiers

A universalpropertyof quantifierdike Conserativity doesnotdecidewhich
of thetwo schemat#26) and(27) shouldbe used.Our claimis thatdifferent
guantifierscanchoosdalifferentschematabasedon their monotonicityprop-
erties. To do this, we have to formulate a suitablenotion of monotonicity
for internally dynamicgeneralizedjuantifiers.Recallthatin the staticcase,
monotonicityof a quantifierQ is expressedy thefollowing formulas:

StaticMonotonicity.

TMON  WX(¢ — ¢') — (QX(¢, ) — QxX(¢", )
IMON  Vx(¢' — ¢) — (QX(¢,¢) — Qx(¢". )
MONT  Wx(¢ — ¢') — (QX(¢,¥) — Qx(¢,¢"))

MON|  WX(¢/ — ¢) — (QX(¢. ) — Qx(¢,¢))

Suitabledynamicversionsof theseformulasturn outto bethefollowing.
Let {y]_', ne aYn} = AQV<¢)

DynamicMonotonicity.

TDMON  Vx(¢ < ¢') — (2x(¢, ) — 2x(¢",¢))
IDMON  ¥x(¢" < ¢) — (2X(¢.¢) — 2X(¢', )
DMONT  Vxvy;...Yyn(Y — ¢') — (2%(¢.¢) — 2x(¢.¢"))
DMON| VXV, ...Wyn (Y — @) — (2x(¢. @) — 2x(¢.¢"))

Thereadershouldrecognizeananalogywith DEQUI.

In TDMON and | DMON, the staticimplicationin the premiseof TMON
and |MON is replacedby <. Thisis dictatedby the fact that, whereashe
static denotationof ¢ exhaustsits semanticcontritution to Qx(¢, y), the

27| shouldalsomentionthat DCONS* looks naturalfrom a semantigoint of view,
if we think of a dynamicgeneralizedjuantifierasa family of polyadicquantifiersas
outlinedearlier DCONS*would correspondo 2"RSiff 2"R(RNS).
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wholedynamicdenotatiorof ¢ mattersto 2x(¢, ). Replacing— by < ef-
fectsa shift from staticdenotatiorto dynamicdenotatior?® Notethat, of the
two dynamicconnectvesin our DPL which correspondo staticimplication,
the‘meta’ connectve < is theonethatmakessensenere. This contrastswith
theformulationof DCONS2 where=- takesthe placeof — in CONS2.

For internally dynamic (externally static) 2, [2x(¢,)],, is a func-
tion of [¢],, and[y]y,. (¢ doesnot make a ‘dynamic contritution’ to
2x(¢,).) Hence theimplicationremainsstaticin the premiseof DMONT
andDMON|. The extra universalquantifiersvy, ...y, are accountedor
by the fact that the free occurrencef y,,....yn in ¢ becomeboundin
2x(9, )7

A dynamicgeneralizedjuantifier £ is saidto be dynamically upward
monotondn thefirstargument(etc.)if it validategshe TDMON formula(etc.).
Wesay 2 is TDMON (etc.),for short.

This dynamicnotion of Monotonicity is adequatéo capturemonotonic-
ity inferencein donkey sentencesLet usconsiderthe earliernon-inference
from No manwho ownsa housesprinklesit to No manwho ownsa garden
sprinklesit, in modelswhereevery manwho owns a gardenowns a house.
Here,we have

vx(man(x) ; £'y(garderty) ;own(x,y))
— man(x); £y(housgy);own(x.y))),
but the staticimplication — cannotbe replacedby the dynamic=<.3° There-
fore, we cannotexpectto derive
A Ox(man(x); &y(garderty) ;own(x,y)), sprinkle(x,y))
28n thesimplecasewhereAQV(¢) = AQV(¢') = {y;,...,yn}, we have

VX(9 < 9') < VXYY yn(* — ¢™).

In thegenerakasetherelationbetweerthe two formulasis comple.
291 DCONS* is assumedreferenceo AQV(¢) in DMONT andDMON| canbe
avoidedby adoptingthefollowing:

DMONT  VX(¢ = (¢ — ') — (2x(¢, ) — 2x(9,y))
DMON|  VX(¢ = (¢ — ) — (2x(¢,¥) — 2x(9,4))

Theabove versionimplies DCONS* (or DCONSof footnote24).
3ONotethat

vx(mar(x); &y(garderty) ; own(x,y)) = man(x); &y(housgy); own(x,y)))
is equialentto
VXvy(man(x) A garderty) A own(x,y) — man(x) A houséy) A own(x,y)).

Seefootnote28.
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from
A Ox(man(x) ; &y(housgy) ;own(x,y)), sprinklex,y)),

evenif .4 ¢ is adynamicgeneralizedjuantifierthatis |[DMON. In contrast,
in the caseof valid inferencefrom No farmerwho ownsa donley beatsit to
No farmer who ownsa femaledonley beatsit, the necessarpremisedoes
hold:

vx(farmekXx) ; &y(femaldy) ; donkey(y) ; own(x,y))
=< farmerx); &£y(donkey(y); own(x,y))).

Dynamicleft monotonicityof 2,, and 2. Given a doublemonotone
staticquantifierQ, we canshaw either2,,, or 2, but notboth,turnsoutto be
dynamicallyleft monotone.First, notethe following monotonicitybehaior
of ; and=-. Let{y;,....yn} = AQV(¢).

(43) ($=¢) — (p;0—¢"0)
(44) Wi YW =g — (90— ¢iy)
(45) (p'=¢) — (=)= (¢'=y))
(46) Wi W@ —¢) — (9=y)—(9=Y¢")

For example let Q be [MONT. Since

X' =) — Vx(¢' — @)
andby (45),

X(¢'2) — VX((9 =)= (¢ =),

we get

X' =29) — (QX(¢.9=y)— QX9 ¢" = y))

by |MON andMONT. This meanghat 2qis | DMON.

Table4 shaws the dynamicmonotonicitypropertiesof 2,,, and 2 for
doublemonotoneQ.3!

Left MonotonicityPrinciple. We arenow in a positionto be ableto for-
mulatea principleaboutinterpretation®f donkey sentencethatexplainsthe
correlationgivenin Tablel preciselyin termsof dynamicpredicatdogic with
generalizedjuantifiers.Theinterpretatiorof adonkey sentencef theform

Det N VP,

31YDMON (/DMON) heremeansthatthe TDMON (| DMON) formulais notin
generabalid.
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L Q [ 2y [ 25 |
TMONT || TDMONT | JDMON]
TMON] || /DMON| | {DMON]
IMONT |[ /DMONT | |DMONT
IMON] || |DMON] | /DMON]

Table4: Dynamicmonotonicityof 2, and 2.

where Det ‘means’ Q, is assumedto be representecby a formula of
DPL(Q,2)
2X(¢,¥),

where 2 is either 2,, or 2, and ¢ and i arethe translationsof N and
VP, respectiely, in DPL. (Assumethatindefinitenounphrasesretranslated
using&.) Theprincipleis thefollowing:

(47) Left Monotonicity Principle. If Q is TMON (| MON), the suitabledy-
namicversion2 of Q shouldbe TDMON (|DMON).

By Table4, this correctlyexplainsthe correlationgivenin Tablel. The Left
Monotonicity Principle ensureghat the interpretationof a donkey sentence
with aleft monotonedeterminewalidatesmonotonicityinferencdik e (3) and
(4).

Notethatright monotonicityis preseredby both 2,, and 25, Hencewe
canalsosay:

(48) Monotonicity Principle. The suitabledynamicversion2 of Q should
presere the monotonicitypropertiesof Q (asdynamicmonotonicity).

4.4 Double Monotonicity Characterization of Dynamic
GeneralizedQuantifiers

We have showvn thatdynamicleft monotonicitycan be usedto discriminate
between2,, and 2. In fact, we do not have to restrict our attentionto
2\ and 2 from the start. Under minimal assumptionsit canbe shavn
thatdynamicmonotonicityin bothargumentauniquelydetermines dynamic
counterpart? of agivenstaticgeneralizedjuantifierQ. Of course sucha 2
mustbeeither2,, or 2.

An obvious conditionto imposeon the relationshipbetweenQ and 2 is
thefollowing, whichwe call Agreement.

Agreementlf AQV(¢)NFV(y) =0,
2X(¢.¢) = Qx(¢,y)
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It saysthatdynamicquantificatiorshouldreduceto staticquantificationvhen
thereis no ‘dynamicbinding’ involved. Recallthatanalogousituationsob-
tainedfor ; and=- ((19) and(20)). Obviously, 2, and 2 both satisfythis
conditionif Q satisfiesCONS.

Agreementookslike averyinnocuousprinciple; dynamic2 shouldcer
tainly bea ‘consenative extension’of staticQ. Neverthelesscombinedwith
othernaturalprinciples,it impliesratherstrongconsequencesn the follow-
ing, DEQUI is alwaysassumed(SeeSection4.6 for proof of the resultsof
this section.)

LEMMA 1. If 2 satisfiedDCONS*andAgreementthenthefollowing holds:

(¢ = ) v—(o;¢)) —
(2X(9, ) = 2uX(¢, P)) N (2X(9,¥) = 2x(d, 1))

Lemmal correspondso thefactthat, with respecto sentencebk e Most
farmers who own a donkey beatit, ‘peoplehave firm intuitions aboutsitua-
tionswherefarmersareconsistenaibouttheir donkey-beating’(Rooth1987),
that is, when eachdonkey-owning farmerbeatseither all of their donkeys
or noneof them. In suchsituations,both the weak readingandthe strong
reading—whictbecomesquivalent—adequatelgapturetheintuitions.

As aspecialcaseof Lemmal, we have

COROLLARY 1. Underthe sameconditions thefollowing holds:

X3z, ... 3@ =Y, = A AVn=17n) —
(2X(9. @) = QX(¢,32,... Tz (¢ = Y, =Z A AVn=1n)
Az /Y1552 /Yn])))

Here, {y;,....¥n} = AQV(¢) NFV(Y), z,,...,z, are new variables,and
Y[z,/Y1.---,2n/yn] is theresultof replacingall free occurrence®f y, in @
byz (1<i<n).

Corollary 1 saysthatif the valuefor the ‘donkey variable’is uniqueper
valuefor the ‘farmervariable’,thenthe donkey variablecanbe replacedy
anappropriatedefinite description,andthe quantificationcanbe takento be
static. Noticethattheantecedergxpressesheuniquenessondition,andthe
quantificationin the secondargumentof Q amountgo a Russelliartreatment
of definitedescription. This correspondso the empiricalfactthatwhenthe
‘uniquenesspresuppositionof the donkey pronounis met, thenthereis no
questionwhatso&er aboutthe truth conditionsof the donkey sentenceand
theparaphraswith adefinitedescriptionis entirelyadequatelt is interesting
thatthis automaticallyfollows from AgreemenandDCONS*.
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Now with AgreemenandDCONS*, dynamicdoublemonotonicityis suf-
ficientto pin down 2 uniquelyfrom Q.

PROPOSITION 2. Assumethat 2 satisfiesAgreemenandDCONS*. If 2 is
morewer DMONT,

‘QSX((P?LIJ) - QX(¢7¢’) - QWX((pJ ‘l/)

If 2is DMON|, thereverseimplicationshold.

PrROPOSITION 3. Assumethat 2 satisfiesAgreemenandDCONS*. Thenif
2 is TDMON,

‘QWX<¢liU) - ”@X((paq") and QSX((quJ) - QX(¢7"I")

If 2is |[DMON, thereverseimplicationshold.

Proposition3 usesLemmal. By thetwo Propositionsjf Q is TMONT,
2,y istheonly TDMONT 2 which satisfiesAgreemenaindDCONS*. Like-
wise for the otherthreedoublemonotonicitypatterns.In this way, dynamic
double monotonicity uniquely determinesa dynamicgeneralizedquantifier
correspondindo a givenstaticone.

The significanceof the resultsin this sectioncanbe summarizedsfol-
lows. Ratherthanthinking of .2, and 2 astwo possibleoptionsto choose
from, we may think thatno concretechoicefor a dynamiccounterpart2 of
a staticQ is givenin adwance,but that thereare minimal conditionsto be
satisfiedby any possibledynamiccounterparpf a static Q, namelyAgree-
mentand DCONS* 32 Imposingdynamicdoublemonotonicityasa further
requirementhenamountso animplicit definitionof 2 outof Q.

The consequencef this to the semanticof donkey sentencess thatwe
neednotthink thattheweakandstrongreadingsarethetwo possiblenterpre-
tationsof donkey sentencethatwould be allowedin principle,of which one
or theotheris pickedby the Left Monotonicity Principlewhenthedeterminer
is doublemonotoneInsteadwe maythink thatin theabsencef information
aboutspecific propertiesof the determiner the grammarwould not assign
ary concreteinterpretationto a donkey sentenceat all. The Monotonicity
Principle(48) canthenbe consideredsa principle thatformsa concreten-
terpretation fleshingout a schematic partially specifiedmeaningprovided
by thegrammar®®

32Anothernaturalconditionis a suitabledynamicversionof EXT. SeeSection4.5.
33More discussioron this pointwill befoundin Kanazava 1993.
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4.5 Monotonicity and Presewation

In Section2, we mentionedan equivalencebetweeneft monotonicityon the
one hand and preseration under extensions/submodelsf a sentenceof a
certainform ontheother It turnsoutthatthis canbe extendedo thedynamic
setting. Firstly, in first-orderlogic with generalizedjuantifiers,one half of
Propositionl canbestrengthened:

ProrPOSITION 4. Assumethat Q hasEXT and CONS.ThenQ is TMON
(IMON) if andonly if every sentencef theform Qx(¢, ), where¢ is exis-
tentialandy is quantifierfree, is presered underextensiongsubmodels§*

Now let usdefineadynamicnotionof Extensionasfollows:

DynamicExtension(DEXT). For ary M, N, ssVAR— M, ands:VAR— N,
if
{(aby.....bn) € M| s(a/x) [@]ly S(a/% by /Yy .bn/yn) }
={(aby,....bn) € N" [ (a/x) [#]\S (@/%.by/yy.....on/Yn) }

and

{(a,by,...,bn) € M| M = @[s(a/x, by /Yy, ---,bn/yn)] }
={(aby,...,b) € NnL IN = gls(a/x,by/yy, .-, bn/yn)] },

where{y,,...,Yn} = AQV(¢),% then

M 2x(@. @)l iff N 2x(@.)).

Thenwe have a straightforvard dynamicversionof Propositiord:

PROPOSITION 5. Assumethat 2 satisfiesDEXT and DCONS*. Then 2
is TDMON (|DMON) if andonly if every sentenceof the form 2x(¢, ),
whereg¢ is existentialand i is quantifierfree, is presered underextensions
(submodels).

A DPL formula ¢ is existential if it is of the form
EXp o EXnIX g - Xyt fOr @ quantifierfree . (See Section4.6 for
proof of Proposition5.) Proposition5 may be seenasanindicationthatour
DEXT, DCONS*, andDMON are naturaldynamicanalogue®f the corre-
spondingstaticconditions.

34 first-orderformula ¢ is called existentialif it is of the form Xy ... % for a
quantifierfree .
35As usual,x € AQV(¢) is assumed.
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Thefactthatasentencés preseredunderextensionr submodelsneans
thatthetruth of the sentencén onemodelmay beinferredfrom the truth of
the samesentencen anothermodel. Suchinferencecanbe regardedasa
model-theoretienodeof monotonicityinference.Therelevanceof thisto the
semanticof donkey sentencess discusseatlengthin Kanazava 1993.

4.6 Proofs

In whatfollows, ¢ standgor aformulaof dynamicpredicatdogic with gen-
eralizedquantifierssuchthat AQV(¢) NFV(¢) = 0 andthereis at mostone
potentiallyactive occurrenceof £x in ¢ for ary variablex. ¢ standsfor an
arbitraryformula. Let {y,,...,yn} = AQV(¢). ¢* is theresultof erasingall
potentially active occurrence®f dynamicexistentialquantifiersin ¢. Note
thefollowing equivalences:

¢ ~ &Yy,...Eynd*
—  3y;...3ynd*
oY = Y. En(d*Y)
— ﬂyl. .. ﬂyn((l)* A l,U)

b=y ~ V.. Yyn(¢*—y)
LEMMA 1. If £ satisfieDCONS*andAgreementthenthefollowing holds:

(¢ = ) V=(o;¢)) —
(2X(¢,¢) = 2uX(9, W) AN(2X(9, ) = 2x(¢,¥))

Proof. By DCONS*,
2X(¢.9) < 2x(¢,0*NY)
andby AgreemenandDCONS*,

X9, ¢) <= Qx¢,¢;¢)

o 2X(9.¢;¢)

o X, 0" N (D 0))
22X, @) < QX¢.¢ =)

= X9, =)

= X, 9* N (=)

Thereforejt sufiicesto shaw that

(¢ = @)V -(9:9))
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implies
XYY WYn(@F AP = §F A (G W)
and
VXYY, IYR(F AP = @* A (9 = §)),
which, by DEQUI, imply

2X(9, 9" AY) < 2x(¢,¢* A (9:¢))

and
DX, 9* NY) = 2X(9,0* N (¢ = y)).

Noticethat

QAP — o N (DY)
and

P*N(p=¢)— o AY
arevalid. It remainsto shav that
(1) PN (DY) — P*AY
(2) AP — A (P= )
follow from
3) (0=Y)V-(d;0).

As for (1), if (¢ = y), theng* implies ¢* A Y andif —(¢; ), thenthe
antecedenof (1) is false.So (1) holdsunder(3). As for (2),if (¢ = ), ¢*
implies the consequenof (2), andif —(¢ ; ¥), theantecedentf (2) is false.
So(2) holdsunder(3).

PROPOSITION 2. Assumethat 2 satisfiesAgreemenandDCONS*. If 2 is
moreo/er DMONT,

X, 9) — 2x(¢,9) — 2x(9.9).

If 2is DMON|, thereverseimplicationshold.

Proof.

2X(9,0) ¢ =) (Definitionof 2¢)
¢ =) (Agreement)
¢* — ) (DMONT)

) (DCONS*)

A
S
A/>i/-\
s&s
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(NoteVxvy, ... Vyn((¢ = ) — (¢* — ¢)).)

2X(¢,0) < 2x(¢,¢*AyP) (DCONS¥)
— 2x(¢.¢;¢)  (DMONT)

—~ Qx¢.¢:y)  (Agreement)
= X(0,p) (Definition of 2,)

(NoteVxvy; ... Vyn((¢* AY) — (¢ 1)).)
TheDMON | caseis similar.

PrROPOSITION 3. Assumethat 2 satisfiesAgreemenandDCONS*. Thenif
2 is TDMON,

QWX(¢7 LIJ) - QX(¢7 LIJ) and QSX((P? LIJ) - "@X((pu ‘l/)
If 2is |[DMON, thereverseimplicationshold.

Proof. Thecrux of the proof consistdn finding formulasy ando thatsatisfy
thefollowing conditions:

(1) Wx(x=¢) (5) vx(0=9)

(2) VX(X < @) (6) vx(0—9)

(3) WX(X:W < o:¢) (7) VX(o=Y<¢=y)
4) W(x=¢)v-0:y) ) (o=y¢)v-(o;y))

If suchy ando arefound,

DuX(0,) < Qx(¢,¢;y) (Definitionof 2,,)
< QXX x:y) by(2),(3),andEQUI
—  DuX(x,¥) (Definition of 2,,)
o 2X(X,P) by (4) andLemmal
— 2x(¢,y)  by(1)andDMON
and
2X(¢.¢) < Qx(¢.¢ =) (Definitionof 2¢)
— Qx(o,0=y) by(6),(7),andEQUI
- 2x(o,y) (Definition of 2)
— x(o,yP) by (8) andLemmal
- 2x(¢, ) by (5) and TDMON.

(If 2is |DMON, thelastimplicationis reversed.)Let
X*=(@* APV (=(:9) N *)

and

0% = (¢* A=)V ((¢ = )N ¢*).
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Theny =&Y, ...&ynx* ando =&y, ... &yn0* arethedesiredormulas.We
leave the verificationof (1)—(8)to thereader

PROPOSITION 5. Assumethat 2 satisfiesDEXT and DCONS*. Then 2
is TDMON (|DMON) if andonly if every sentencef the form 2x(¢, ),
whereg¢ is existentialand i is quantifierfree, is presered underextensions
(submodels).

Proof.
Onlyif. Suppose2 is |DMON (the TDMON caseis similar), andlet

¢ =&Y, .63z ImX

where x is a quantifierfree formula with free variables
X Y1, ¥ 2, ..., Zm. Let @ beaquantifierfree formulawith freevariables
X.Y;,---,¥n. Sincedynamicconnectvesareequivalentto correspondingtatic
connectveswhenthey combinequantifierfree formulas, ¢* = 3z, ... 3znx
is equivalentto afirst-orderexistentialformula,andy is equivalentto afirst-
orderquantifierfreeformula.LetN C M. Then,asin first-orderlogic, for all
ab;,....,bheN,

N = ¢*[aby,....bn] implies M |=¢*[ab,,... by
and
N = ylaby,...,by] if andonlyif M = ¢lab,,...,bn.

Expandthe languagedy addipga new unarypredicateP, andexpandM and
N to M’ andN’ by puttingP™" = PN = N (M’ andN’ areotherwisethe same
asM andN). NotethatN’ C M’. Let

' =EY,...EYTzy ... FTzm(PXAPY, A ... APYWAPZ A ... APZnA X)

and
Y =PXAPY,A...APYWAPZ AL APZn A .

Thenfor all a,by,...,bh € M,
M’ E¢"*[aby,....by iff NE@*[aby,....by
iff N ¢'*[ab,,....bn]
M’ Eylab,,....by] iff N glab,,... by
iff N |=¢'[ab,,...,bn.

Thisimpliesthatthe preconditionsof DEXT hold for 2x(¢’, ) (andfor an
arbitrarys: VAR— N). So

M 2x(@'y) it N 2x(9', ).
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Clearly,

M’ |=Vx(¢' < ¢)
M = VXYY, . WY (@ AP — @™ A Y.
Therefore,
M = 2x(¢9.¢) M = 2x(¢, )
M’ = 2x(¢',¢) (IDMON)
M’ = 2x(¢’, ') (DCONS* DEQUI)

N | 2x(¢'.¢/) (DEXT)
N |- 2x(¢.)  (DEQUI)
N = 2%(¢,¢).

If. Supposehatary sentencef the form 2x(¢, ), where¢ is existential
and @ quantifierfree, is presered underextensions.(The submodekaseis
similar) Let

111111t

M |= vx(¢ =< ¢')[s].

We treatthe simplecasewherex ¢ AQV(¢) = AQV(¢’) = {y;....,yn} and
FV(¢) = FV(¢’) = {x}. (It is possibleto reducethe generalcaseto this
specialcaseby using SubordinateRenamingand a trick of expandingthe
model by addingnew constants.) Take the languagehaving four predicate
symbolsR, S, T, andU, andletM; = (M,R"1, M1 TM1 UM1), where

RMi={(aby,....on) € MY | s(a/X)[$ ]l s(@/%.by /Yy, - bu/Yn) },
S"i={(aby,....bn) € MM [ s(a/x)[$"]yyS(a/%. by /Yy, -, bn/yn) },
™1 =0,

UMl = { <aab1""7bn> € M+t | M ': L[J[S(&/X,bl/yl,...,bn/yn)]}.

We have RM1 € SM1. LetN; = (MU {c},RY, SN, TN UN) (¢ ¢ M), where

RV = RMi
N = M
™ = {c},
uM = UM,

WehaveM; CN,. Let

X=6Y;...EYnFZRX, Yy, .- ¥n) V (S(X, Yy, -5 Yn) AT(2))).

X is anexistentialformula. Clearly,

{(@by.....by) €M™ | s(@/x) Xl S(@/%by/yy....bn/yn) } = RV,
{(@by.....bn) € N™L | s(@/%) [x]y,S(@/% by /¥y ... bn/yn) } = S,
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Therefore,

ME2%(¢.¢)[s < M;E2XX,UXY---,¥n))[s  (DEXT)
= M;E2X(X,UX,Y1,---:¥n))
—  NjE2x%(X,U(X.Y;....,¥n)) byassumption
- Nl':QX(Xau(Xsy]_:---ayn))[s]
= ME2x¢" ¢ (DEXT).
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