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1 Intr oduction

It haslong beenrecognizedthat certaintypesof anaphoricdependenciesin
naturallanguagecannotbestraightforwardly capturedby variablebindingin
standardlogic. They are‘intersentential’anddonkey anaphora,which have
beenwidely discussedin theliteraturesinceGeach1962. In thelastdecade,
they motivatedvarioussimilar proposalsof so-called‘discoursesemantics’,
includingKamp1981,Heim1982,Barwise1987,Rooth1987,andSchubert
andPelletier1989.GroenendijkandStokhof’s recent(1991)dynamicpredi-
catelogic (DPL) is anattemptto capturethebasicinsightsof earliertheories
in theform of aminimal modificationof first-orderlogic.

Its similarity with first-orderlogic givestheformalismof DPL somedis-
tinct advantages.DPL is easyto use;for thosefamiliar with first-orderlogic,
it is easyto developintuitionsaboutDPL. As a logicalsystemcloselyrelated
to first-orderlogic, DPL naturallybringsstandardlogical concernsinto the
picture, like the notion of logical consequenceand its syntacticcharacteri-
zation. It is alsoeasyto considervariousextensionsof DPL analogousto
well-known extensionsof first-orderlogic.

This paperconcernsthe systemof DPL augmentedwith generalized
quantifiers.DPL with generalizedquantifierscanbeseenasa refinementof
first-orderlogic with generalizedquantifiers,just asDPL is a refinementof
first-orderlogic. Systemsof first-orderlogicwith generalizedquantifiershave
�
This is partof a largerwork on thesemanticsof donkey sentences,monotonicity

inference,andgeneralizedquantifiersin dynamicpredicatelogic. The focushereis
on thelogical issues.Themorelinguistic half of thework will befoundin Kanazawa
1993.Thepreparationof thepresentdraftwaspartlysupportedby projectNF 102/62–
356(‘StructuralandSemanticParallelsin NaturalLanguagesandProgrammingLan-
guages’),fundedby theNetherlandsOrganizationfor theAdvancementof Research
(N.W.O.).
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beenstudiedmainly in mathematicallogic, but whenthe systemhasa two-
placegeneralizedquantifiersymbolfor eachnaturallanguagedeterminer, it
canbeconsideredasafairly goodmodelof acertainextensionalfragmentof
naturallanguage.Sucha fragmentis studiedin generalizedquantifiertheory
(van Benthem1986,Westerst̊ahl 1989), andDPL with generalizedquanti-
fiers is expectedto addto thetheorythecapacityto treatanaphoricsubtlety
of naturallanguage.

The kind of generalizedquantifierthat is of interesthereis what Groe-
nendijk andStokhofwould call internally dynamicgeneralizedquantifiers.
They allow anindirectbindingrelationto obtainbetweendynamicexistential
quantifiersin their first argumentandcorrespondingvariablesin theirsecond
argument.An empiricalmotivationfor studyingsuchgeneralizedquantifiers
comesfrom donkey sentenceswith relative clauses.The correspondenceis
shown in (1):

(1) a. Det N [
S

. . . [NPi
aN] . . . ] [VP . . . [NPi

pronoun]. . . ]

b.
�

x�������	� y ������
������ y �������
(1a) is a donkey sentencewith a relative clause,like Everyfarmerwhoowns
a donkey beatsit. (1b) is a formula of dynamicpredicatelogic with gener-
alizedquantifiers.

�
is an internallydynamicgeneralizedquantifier, and �

is thedynamicexistentialquantifierof DPL. Theanaphoricrelationin (1a)is
modelledby the indirectbinding relationbetween� y andy mediatedby

�
in (1b).

An interestingtaskthatsuggestsitself is to developa theoryof dynamic
generalizedquantifiers,somethinganalogousto the well-establishedtheory
of ordinarygeneralizedquantifiers(van Benthem1986,Westerst̊ahl 1989).
Sucha theory should formulatedynamicnotionsanalogousto static ones
foundin generalizedquantifiertheoryandproveformalresultsaboutdynamic
generalizedquantifiers.This papercando no morethansuggesthow sucha
theorymightbegin. While thestandardgeneralizedquantifiertheoryis given
at the denotationallevel, it will be convenient,at leastfor a start, to speak
of dynamicgeneralizedquantifiersmainly in syntacticterms,usinganalogy
with first-orderlogic with generalizedquantifiers.

Specialattentionis paidto anotionof Monotonicitysuitablefor internally
dynamicgeneralizedquantifiers.This is in part inspiredby a moregeneral
problemof accountingfor monotonicityinferencein dynamiccontexts. To
illustratetheproblem,thefollowing non-inferenceshows thatonemusttake
carein drawing monotonicityinferencein thepresenceof donkey anaphora:1

(2)  manwhoownsa garden� ���� manwhoownsa house� �
No manwho ownsahousesprinklesit
No manwho ownsagardensprinklesit

1Theexampleis adaptedfrom vanBenthem1987.
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Here,the first premiseis that the setof menwho own a gardenis a subset
of the setof menwho own a house,or every manwho owns a gardenis a
manwho owns a house.From the fact that the determinerno is downward
monotonein the first argument,2 onemight expect that the replacementof
manwho ownsa housein the secondpremiseby manwho ownsa garden
is truth-preserving,which in fact it is not. Theproblemis obviously caused
by thepresenceof adonkey pronounit; comparethevalidity of theinference
fromNomanwhoownsa houseispoor toNomanwhoownsagardenis poor,
underthesameassumption.Nevertheless,it is not thecasethatmonotonicity
inferencedoesnotmakesensein donkey sentences.Bothof thefollowing are
valid instancesof monotonicityinference:

(3) No farmerwho ownsadonkey beatsit
No farmerwho ownsandfeedsa donkey beatsit

(4) No farmerwho ownsadonkey beatsit
No farmerwho ownsa femaledonkey beatsit

What is called for is an appropriatedynamicsenseof monotonicitymore
restrictive thantheusualonewhich accountsfor theinvalidity of (2) andthe
validity of (3) and(4).

Our concernfor Monotonicity for dynamicgeneralizedquantifiershas
anotherempiricalmotivationwhich is relatedto theissueof monotonicityin-
ference. Here, the task is to predict the interpretationof donkey sentences
with relative clausesfrom the monotonicity propertiesof the determiner.
It hasbeenobserved that two distinct typesof interpretationsare found in
donkey sentenceswith determinersandrelative clauses.Oneinterpretation,
calledthe strong reading, allows a paraphrasewith universalquantification
over donkeys, andthe other interpretation,called the weakreading, allows
a paraphrasewith existentialquantificationover donkeys.3 The interpreta-
tion standardlyassociatedwith Everyfarmerwho ownsa donkey beatsit is
thestrongreading:Everyfarmerwhoownsa donkey beatseverydonkey he
owns. The(only) interpretationof No farmerwhoownsa donkey beatsit is

2A determineris saidto bedownwardmonotonein thefirst-argument( � MON) if
its denotationQM in any universeM satisfiesthefollowing:

for all A � A��� B � M, QMABandA��� A imply QMA� B.

ReplacingA� � A in the above definition by A � A� gives the definition of upward
monotonicity in the first argument( � MON). Monotonicity in the secondargument
(MON � , MON � ) is definedanalogously. Monotonicity in thefirst (second)argument
is alsocalledleft (right) monotonicity.

3Strongand weak readingsof donkey sentenceshave beendiscussedby Rooth
(1987),Chierchia(1990,1992),andGawron, Nerbonne,andPeters(1991),among
others. The termsstrong readingandweakreadingareapparentlydueto Chierchia
(1990).
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the weakreading: No farmer who ownsa donkey beatsa donkey he owns.
Theinterestingfactis thatin many cases,oneor theotherinterpretationis the
only availableone,or at leaststronglypreferred,andwhich readingis avail-
ablecorrelateswith themonotonicitypropertiesof thedeterminer. Compare
thefollowing sentences,of which theavailablereadingandthemonotonicity
propertiesof thedeterminerareindicated.

(5) Everystudentwho borrowedabookfrom Peterreturnedit
= Every studentwho borroweda bookfrom Peterreturnedevery book
heor sheborrowedfrom Peter(strongreading,� MON � )

(6) No studentwho borroweda bookfrom Peterreturnedit
= No studentwho borrowed a book from Peterreturneda book he or
sheborrowedfrom Peter(weakreading,� MON � )

(7) At leasttwo studentswhoborroweda bookfrom Peterreturnedit
= At leasttwo studentswho borrowed a book from Peterreturneda
bookthey borrowedfrom Peter(weakreading,� MON � )

(8) Not everystudentwho borrowedabookfrom Peterreturnedit
= Not every studentwho borrowed a book from Peterreturnedevery
bookheor sheborrowedfrom Peter(?) (strongreading,� MON � )

We find thecorrelationbetweenmonotonicitypropertiesof determinersand
interpretationsof donkey sentencesgivenin Table1. Thedataisactuallyquite

Availablereading(s) Determiners
� MON � Weakreadingonly a, some, several, at leastn, many
� MON � Strongreadingpreferred? not every, not all
� MON � Strongreadingpreferred every, all, FC any
� MON � Weakreadingonly no, few, at mostn� � � � MON � Both most

Table 1: Monotonicity of determinersand interpretationsof donkey sen-
tences.

complex, andwe cannotelaborateon Table1 here.4 In this paper, we will
simply assumethe dataassummarizedin Table1, andgive an explanation
of the observed correlationusing the notion of Monotonicity for dynamic
generalizedquantifiers.Thekey fact is that theselectedreadingof a donkey
sentencewith a left monotonedetermineris theoneon which monotonicity
inferencelike (3) and(4) comesout valid.

Thepaperis organizedasfollows. In Section2, we briefly look at first-
orderlogic with generalizedquantifiersfrom a naturallanguageperspective.

4For detaileddiscussionsof weakandstrongreadingsof donkey sentenceswith
relative clausesand of monotonicity inference,the readeris referredto Kanazawa
1993.
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In Section3, we introduceour versionof dynamicpredicatelogic. Section4
is devoted to the systemof DPL augmentedwith static and dynamicgen-
eralizedquantifiers. In Section4.1, we seetwo ways of definingdynamic
generalizedquantifiersin termsof static onesand dynamicconnectives of
DPL. In Section4.2,we considerdynamicnotionsof Conservativity. In Sec-
tion 4.3, a suitabledynamicnotionof Monotonicity is formulated,which is
then usedto explain the correlationgiven in Table 1. In Section4.4, we
demonstratethat,underminimal assumptions,dynamicdoublemonotonicity
actuallyservesasanimplicit definitionof adynamicgeneralizedquantifierin
termsof a staticone. In Section4.5,a correlationbetweenleft monotonicity
andmodel-theoreticpreservationpropertiesis extendedto thedynamiccase.
Proofof theresultsin Sections4.4and4.5is relegatedto Section4.6.

2 First-Order Logic with Generalized Quanti-
fiers

Beforeturningto dynamicpredicatelogic, let usbriefly look atordinaryfirst-
orderlogic with generalizedquantifiers.Thepurposeof this sectionis to ex-
pressvariousgeneralandspecialpropertiesof quantifiersasformulas(in the
caseof local conditionson thedenotationin eachmodel)or model-theoretic
propertiesof formulas(in thecaseof globalconditionsoperatingacrossmod-
els)in thelanguageof first-orderlogic with generalizedquantifiers.Thiswill
proveconvenientwhenrecastingthesepropertiesin thedynamicsetting.

Thelanguageof first-orderlogic with generalizedquantifiersis obtained
by addingtwo-placequantifiersymbolsto the languageof first-orderlogic.
If Q is a generalizedquantifiersymbolandϕ andψ areformulas,Qx� ϕ 
 ψ �
is a formula. (We shall be mainly interestedin the casewhereϕ andψ are
formulasof first-orderlogic.) The new clausein the Tarski style truth defi-
nition looks like the following. Let M bea modelwith domainM. For any
quantifiersymbolQ,

M � � Qx� ϕ 
 ψ �� s� if f���
a  M � M � � ϕ  s� a! x ���#"$
 � a  M � M � � ψ  s� a! x ���#"&%' QM �

QM � pow � M �)( pow � M � is theinterpretationof Q in M . s� a! x � denotesthe
assignments* suchthat s*	� x �+� a ands*,� y �+� s� y � for all y

�� x. From this
definition,it follows thatequivalentformulasarealwaysintersubstitutable.

Equivalence(EQUI).-
x � ϕ . ϕ * �0/ - x � ψ . ψ * �213� Qx� ϕ 
 ψ �). Qx� ϕ * 
 ψ * ���

Also, thechoiceof boundvariableis arbitrary(with theusualprovisos).

Renaming. Qx� ϕ � x ��
 ψ � x ���). Qy� ϕ � y ��
 ψ � y ���

5



For any quantifierQ, theabove two schemataarealwaysvalid in first-order
logic with generalizedquantifiers.

We intend eachQ to representa natural languagedeterminer. Conse-
quently, QM is not just anarbitrarysubsetof pow � M �)( pow � M � . Interpreta-
tionsof quantifiersymbolsareconstrainedby conditionsto besatisfiedwithin
andacrossmodels.

Firstly, QM shoulddependjust on M, theuniverseof M . Thus,eachQ is
associatedwith a functionalassigningto eachnon-emptysetU a subsetQU
of pow � U �'( pow � U � . QM is setto QM. Moreover, QM ’s must‘agree’with
eachotherin thesensethat

for all A
 B � M 
 N, QMAB if f QNAB.

This conditionis calledExtension.5 As a model-theoreticpropertyof formu-
lasin our language,it is expressedasfollows:

Extension(EXT). For any M , N ands:VAR 1 M 4 N, if
�

a  M � M � � ϕ  s� a! x ���#"5� � a  N � N � � ϕ  s� a! x ���6"
and �

a  M � M � � ψ  s� a! x ���6"5� � a  N � N � � ψ  s� a! x���6"$

then

M � � Qx� ϕ 
 ψ �� s� if f N � � Qx� ϕ 
 ψ �� s�	�
Conservativityis oneof themostimportantpropertiesof quantifiersandit

hasbeenclaimedto holduniversallyof all naturallanguagedeterminers(Bar-
wiseandCooper1981,KeenanandStavi 1986).At thelevel of denotation,it
says

For all A
 B � M, QMAB if f QMA� A 4 B � .
Thecorrespondingformulais thefollowing:

Conservativity (CONS).
Qx� ϕ 
 ψ �2. Qx� ϕ 
 ϕ / ψ � .

EXT andCONSareuniversalprinciplesthataresupposedto hold of all
naturallanguagequantifiers.For ‘logical’ quantifiers,anotherprinciplecalled
Quantity(QUANT) is usuallyassumed,which says(underCONSandEXT)
thatQMABdependsjustonthesizeof A 7 B andA 4 B. QUANT doesnotplay
any role in this work. Henceforth,EXT andCONSwill alwaysbeassumed,
if Q is supposedto representa naturallanguagedeterminer.

In additionto generalpropertieslike EXT andCONS,therearespecial
propertiesof specificquantifiersthatareof interest.Monotonicityproperties
arethefocusof thepresentpaper. In termsof denotations,they are:

5It is calledExtensionsinceit is equivalentto theconditionrestrictedto thecase
M � N.
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� MON for all A
 A* 
 B � M, QMABandA � A* imply QMA* B
� MON for all A
 A* 
 B � M, QMABandA* � A imply QMA* B
MON � for all A
 B
 B* � M, QMABandB � B* imply QMAB*
MON � for all A
 B
 B* � M, QMABandB* � B imply QMAB*

In the languageof first-orderlogic with generalizedquantifiers,they areex-
pressedby thefollowing formulas:

Monotonicity.
� MON

-
x � ϕ 1 ϕ * �)18� Qx� ϕ 
 ψ �91 Qx� ϕ * 
 ψ ���

� MON
-

x � ϕ * 1 ϕ �)18� Qx� ϕ 
 ψ �91 Qx� ϕ * 
 ψ ���
MON � -

x � ψ 1 ψ * �)1:� Qx� ϕ 
 ψ �)1 Qx� ϕ 
 ψ * ���
MON � -

x � ψ * 1 ψ �)1:� Qx� ϕ 
 ψ �)1 Qx� ϕ 
 ψ * ���
SinceCONSgivestheleft argumentof a quantifiera privilegedrole, left

monotonicity( � MON, � MON) andright monotonicity(MON � , MON � ) turn
outto beverydifferentproperties.An illustrationof thedifferenceis givenby
the following model-theoreticcharacterizationof left monotonicity, adapted
from Westerst̊ahl 1989(p. 79).

PROPOSITION 1. Assume that Q obeys EXT and CONS. Then Q is
� MON ( � MON) if andonly if Qx� P � x ��
 R� x ��� is preservedunderextensions
(submodels).6

Thegeneralizationof Proposition1 will beof our interest(Section4.5).

3 Dynamic PredicateLogic

Dynamicpredicatelogic of GroenendijkandStokhof(1991)is presentedas
an alternative interpretationof the languageof first-orderlogic. It is more
convenient for our purposesto presentDPL as an extensionof first-order
logic. We provide all necessarydefinitions,but cannotfully convey theintu-
itions behindthesystem.For that, the readeris referredto Groenendijkand
Stokhof1991.

Thelanguageof DPL contains,in additionto equality, relationsymbols,
functionsymbols,constantsymbols,variables,andstaticconnectives

; , / , < , 1 , . ,
-

, =
6M is calleda submodelof N (M � N) if M � N andPM > PN ? Mn (restriction

of PN to Mn) for all n-ary relationsymbolsP, FM > FN ? Mn for all n-ary function
symbolsF , andcM > cN @ M for all constantsymbolsc. (In Proposition1, all that
mattersis the interpretationof P andR.) If M � N, N is calledan extensionof M .
A sentenceϕ is saidto bepreservedunderextensions(submodels)if M A > ϕ implies
N A > ϕ whenever M � N (N � M ).
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from first-orderlogic, dynamicconnectives

;, B , �
(dynamicconjunction,dynamicimplication,anddynamicexistentialquanti-
fier, respectively). Moreover, I include‘meta’ connectives

C , D ,

whichareinterpretedlikeGroenendijkandStokhof’sequivalenceandmean-
ing inclusionrelativizedto modelsandassignments.

Thesemanticsof staticconnectivescanbecompletelyexplainedin terms
of theusualsatisfactionconditions:

M � � ϕ  s�
(s satisfiesϕ in M ) just as in first-order logic. In contrast,the semantics
of dynamicand‘meta’ connectivesmustessentiallyrely on more‘dynamic’
transitionconditions:

s   ϕ � � M s* �
In Table 2, we give the semanticsof DPL as a simultaneousrecursive

definitionof M � � ϕ  s� ands   ϕ � � M s* . Thenotionsof modelsandassignments,
aswell astheinterpretationtM E s of a termt with respectto amodelM andan
assignmentsarethefamiliar onesfrom first-orderlogic.

Thenotionsof truth andvalidity aredefinedin theusualway in termsof
satisfaction: M � � ϕ (ϕ is true in M ) if andonly if for every s:VAR 1 M,
M � � ϕ  s� ; and � � ϕ (ϕ is valid) if andonly if for all M , M � � ϕ .

Notethatfor 1–9,thedefinitionof M � � ϕ  s� is identicalto theusualone
in first-orderlogic. Consequently, if ϕ is a first-orderformula,M � � ϕ  s� in
DPL if andonly if M � � ϕ  s� in first-orderlogic. In thissense,wecansayour
versionof DPL is anextensionof first-orderlogic.

Let uscall  ϕ � M � � s � M � � ϕ  s�#" thestaticdenotationof ϕ (in M ), and
  ϕ � � M � �'� s
 s* %F� s   ϕ � � M s* " the dynamicdenotationof ϕ (in M ). It is easy
to see  ϕ � M � dom��  ϕ � � M � (the domainof   ϕ � � M ) for every formula ϕ ; i.e.,
thestaticdenotationis alwaysrecoverablefrom thedynamicdenotation.For
someformulasϕ , their dynamicdenotationcanbeextractedfrom their static
denotation—  ϕ � � M � id G& ϕ � M (theidentityrelationrestrictedto  ϕ � M ) holds.
Suchformulasarecalledtests.

For 1–9,11,13,and14, thedefinitionof s   ϕ � � M s* is thesame—  ϕ � � M �
id G' ϕ � M . Formulasof theseforms are always testsand have no external
dynamiceffect. For this reason,all connectivesexcept ; and � are called
externally static. The staticconnectives ( ; , / , < , 1 , . ,

-
, = ) from fisrt-

order logic arealso internally static. If the main connective of ϕ is oneof
these,thestatic,andhencedynamic,denotationof ϕ canbecalculatedfrom
thestaticdenotationof its immediatesubformula(s).In contrast,thedynamic
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ϕ M � � ϕ  s� if f . . . s   ϕ � � M s* if f . . .

1. t1 � t2 tM E s
1

� tM E s
2

s � s* andM � � ϕ  s�
2. R� t1 
�������
 tn �

�
tM E s
1

�������
 tM E s

n %' RM s � s* andM � � ϕ  s�
3. ; ψ M

�� � ψ  s� s � s* andM � � ϕ  s�
4. ψ / χ M � � ψ  s� andM � � χ  s� s � s* andM � � ϕ  s�
5. ψ < χ M � � ψ  s� or M � � χ  s� s � s* andM � � ϕ  s�
6. ψ 1 χ M � � ψ  s� impliesM � � χ  s� s � s* andM � � ϕ  s�
7. ψ . χ M � � ψ  s� if f M � � χ  s� s � s* andM � � ϕ  s�
8.

-
xψ for all a  M,

M � � ψ  s� a! x ���
s � s* andM � � ϕ  s�

9. = xψ for somea  M,
M � � ψ  s� a! x ���

s � s* andM � � ϕ  s�

10. ψ ;χ for somes* , s   ϕ � � M s* for somes* * , s   ψ � � M s* *
ands* *   χ � � M s*

11. ψ B χ for all s* , s   ψ � � M s*
impliesM � � χ  s* �

s � s* andM � � ϕ  s�

12. � xψ for somes* , s   ϕ � � M s* for somea  M,
s� a! x �$  ψ � � M s*

13. ψ C χ for all s* , s   ψ � � M s* if f
s   χ � � M s*

s � s* andM � � ϕ  s�

14. ψ D χ for all s* , s   ψ � � M s*
impliess   χ � � M s*

s � s* andM � � ϕ  s�

Table2: Semanticsof DPL.

connectives(;, B , � ) andour ‘meta’ connectives( C , D ) are internally dy-
namic. To calculatethe staticanddynamicdenotationsof a formula whose
main connective is ;, B , C , or D , the dynamicdenotationof its immediate
subformulasmustbeconsulted.In thecaseof � ,  � xψ � M is determinedby
 ψ � M (  � xψ � M �HI= xψ � M ), but to calculate  � xψ � � M onemustlook at   ψ � � M .
Theconnectives; and � areevenexternallydynamic. If themainconnective
of ϕ is ; or � ,   ϕ � � M is not determinedby  ϕ � M in general,ands ands* such
thats   ϕ � � M s* canbedifferent.7

7We notethat our useof the term ‘internally dynamic’ is slightly different from
Groenendijkand Stokhof’s. Since J and K createno new variablebinding, they
would not be internallydynamicconnectivesin their sense.On theotherhand,their
usagewould make our L internallydynamic. (They do not have a precisedefinition,
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A remarkon our ‘meta’ connectives C and D is in order. Groenendijk
andStokhof (1991)use C and D assymbolsin the metalanguage;in their
paper, ‘ϕ C ψ ’ and‘ϕ D ψ ’ mean‘for all M ,   ϕ � � M �H  ψ � � M ’ and‘for all M ,
  ϕ � � M �H  ψ � � M ’, respectively. If wewrite s   ϕ � � M for

�
s* � s   ϕ � � M s* " ,

M � � ϕ C ψ  s� if f s   ϕ � � M � s   ϕ � � M ,
M � � ϕ D ψ  s� if f s   ϕ � � M � s   ϕ � � M ,

M � � ϕ C ψ if f   ϕ � � M �H  ϕ � � M ,
M � � ϕ D ψ if f   ϕ � � M ��  ϕ � � M ,

and

� � ϕ C ψ if f for all M ,   ϕ � � M �H  ϕ � � M ,
� � ϕ D ψ if f for all M ,   ϕ � � M ��  ϕ � � M .

Thus,GroenendijkandStokhof’s ‘ϕ C ψ ’ and‘ϕ D ψ ’ areour ‘ � � ϕ C ψ ’
and‘ � � ϕ D ψ ’. This justifiesour own useof their symbols. C and D will
be useful in expressingcertainprinciples,and are not intendedfor usein
representingnaturallanguagesentences.In whatfollows, metavariableslike
ϕ andψ will alwaysrangeover formulaswithout C or D . Note thatϕ C ψ
is equivalentto � ϕ D ψ �0/M� ψ D ϕ � .

Thereis an obvious correspondencebetweendynamicconnectivesand
their staticcounterparts.If ϕ andψ aretests,thefollowing equivalencesare
valid:

ϕ ;ψ C ϕ / ψ(9)

ϕ B χ C ϕ 1 χ(10)

(In (10),χ doesnot have to bea test.)Also, for any ϕ ,8

� xϕ . = xϕ(11)

However, evenif ϕ is a test,

� xϕ C = xϕ

usuallydoesnot hold. Although ; just passeson, so to speak,the external
dynamicforceof its conjuncts,partof theexternaldynamicforceof � xϕ is
createdby � x.

however.) We canstateour definitionin thefollowing way. A connectiveC is exter-
nally staticif a formulawith C asits mainconnective is alwaysa test. Otherwise,C
is externallydynamic.C is internallydynamicif thedynamicdenotationof a formula
with C asits mainconnectivecannotin generalbedeterminedby thestaticdenotation
of its immediatesubformula(s).Otherwise,C is internallystatic.

8Henceforth,we mayjust asserta formulato meanit is valid.
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The‘meta’ connectives C and D correspondto . and 1 . If ϕ andψ are
tests,

� ϕ C ψ � C � ϕ . ψ �
� ϕ D ψ � C � ϕ 1 ψ �

Notealsothatfor any ϕ andψ ,

� ϕ C ψ �N1 � ϕ . ψ �
� ϕ D ψ �N1 � ϕ 1 ψ �

Both B and D correspondto 1 . If ϕ andψ aretests,ϕ B ψ andϕ D
ψ are equivalent. Intuitively, the differencebetweenB and D is that the
semanticsof theformeris ‘sequential’while thatof thelatteris ‘parallel’.

Notethat B andthestaticconnectivesexcept ; aredefinablein termsof; , ;, and � , usingtheequivalences:

ϕ B ψ C ; � ϕ ; ; ψ �
ϕ 1 ψ C ; ψ B ; ϕ-

xϕ C ; � x; ϕ

and the standardequivalencesin first-order logic. SeeGroenendijkand
Stokhof1991for details.

The most importantpropertiesof dynamicconnectivesareexpressedin
thefollowing equivalences:

� ϕ ;ψ � ;χ C ϕ ; � ψ ;χ �(12)

� xϕ ;ψ C � x� ϕ ;ψ �(13)

� xϕ B ψ C -
x � ϕ B ψ �(14)

In the last two schemata,(13) and(14), thereis no restrictionon ψ ; unlike
the correspondingequivalencesin first-orderlogic, x canoccur free in ψ .9

Thesepropertiesof dynamicconnectivesareusedto representintersentential
anddonkey anaphorain naturallanguage.For example,onemaytranslate

If Pedroownsadonkey, it is keptin thebarn

in DPL as

� x � donkey � x � ;own � Pedro
 x ���'B kept-in-the-barn� x ���
9In first-orderlogic, if x doesnotoccurfreein ψ, L xϕ O ψ and L xϕ P ψ areequiv-

alentto L x Q ϕ O ψ R andS x Q ϕ P ψ R , respectively. If x is freein ψ, theequivalencesdo
nothold in general.

11



Thelattercanbeseento beequivalentto

-
x � donkey � x �0/ own � Pedro
 x �)1 kept-in-the-barn� x �����

For more examplesand discussion,see Groenendijkand Stokhof 1990,
1991.10

GroenendijkandStokhof(1991)defineAQV � ϕ � , thesetof activequan-
tifier variablesof ϕ , andFV � ϕ � , thesetof freevariablesin ϕ . AQV � ϕ � will
be very importantin what follows. We defineAQV � ϕ � asfollows. An oc-
currenceof a dynamicexistentialquantifierin ϕ is calledpotentiallyactive
if it doesnot lie within the scopeof any externally static connective in ϕ .
For any variablex, the rightmostpotentiallyactive occurrenceof � x in ϕ is
calledan activeoccurrenceof � x. AQV � ϕ � , then, is the setof variablesx
suchthatthereis anactive (or, equivalently, potentiallyactive) occurrenceof
� x in ϕ . FV � ϕ � is definedin termsof anotherusefulnotion, fv � ϕ � , the set
of freeoccurrencesof variablesin ϕ . Table3 givesthedefinitionof fv � ϕ � .11

LikeGroenendijkandStokhof,weallow ourselvesto besloppy by nothaving
anexplicit way of referringto occurrences.FV � ϕ � is thendefinedto be the
setof variablesx suchthatthereis anoccurrenceof x in fv � ϕ � .

If ϕ is a first-orderformula, AQV � ϕ �F� /0 andFV � ϕ � is the setof free
variablesin ϕ in theusualsense.

Thefollowing factspoint to the‘meaning’of AQV � ϕ � andFV � ϕ � :
T If for someM , thereares ands* suchthats   ϕ � � M s* ands� x � �� s* � x � ,

thenx  AQV � ϕ � .
T If x

� FV � ϕ � , thenfor all M , for all s:VAR 1 M anda  M, M � � ϕ  s�
if f M � � ϕ  s� a! x ��� .

10GroenendijkandStokhofexpressthe fact that (13) and(14) arevalid by saying
that thedynamicexistentialquantifiercanbind variablesoutsideits syntacticscope.
For GroenendijkandStokhof,freeoccurrencesof x in thesecondconjunctof U xϕ ;ψ
areboundby thedynamicexistentialquantifierin thefirst conjunct,andfreeoccur-
rencesof x in theconsequentof U xϕ V ψ areboundby thedynamicexistentialquan-
tifier in the antecedent.This terminologymight be misleading. In theseformulas,
U x doesnot bind the x in ϕ andthe x in ψ in the sameway. If anything, it is the
combinationof thedynamicexistentialquantifierandthedynamicmainconnective (;
or V ) thatbindsthex in ψ. (This will bemoreapparentwhenthemainconnective
is a dynamicgeneralizedquantifier.) It is clearthat theoccurrencesof x in thesefor-
mulasarenot like freevariablesin first-orderlogic, andsoI will follow Groenendijk
andStokhofin sayingthat the free occurrencesof x in ψ are‘bound’ in U xϕ ;ψ or
U xϕ V ψ. I will avoid, however, the terminology‘boundby U x’ in suchcases;the
‘binding’ relationbetweenx and U x is an indirectonemediatedby ; or V . Cf. Bar-
wise’s (1987)three-way distinctionbetweencaptured, restrained, andfree.

11We do not includeclausesfor ‘meta’ connectives,asthenotionof freevariables
sometimesdoesnotquitebehaveasexpectedin thepresenceof J or K .
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ϕ fv � ϕ �
1. t1 � t2 all occurrencesof variablesin ϕ
2. R� t1 
������W
 tn � all occurrencesof variablesin ϕ
3. ; ψ fv � ψ �
4. ψ / χ fv � ψ �0X fv � χ �
5. ψ < χ fv � ψ �0X fv � χ �
6. ψ 1 χ fv � ψ �0X fv � χ �
7. ψ . χ fv � ψ �0X fv � χ �
8.

-
xψ fv � ψ � minusall occurrencesof x

9. = xψ fv � ψ � minusall occurrencesof x
10. ψ ;χ fv � ψ �0X � x  fv � χ �2� x � AQV � ψ �Y"
11. ψ B χ fv � ψ �0X � x  fv � χ �2� x � AQV � ψ �Y"
12. � xψ fv � ψ � minusall occurrencesof x

Table3: Definition of fv � ϕ � .

As is alreadyclear by now, the dynamicexistential quantifier � plays
a pivotal role in DPL. All ‘dynamics’ of DPL formulasoriginatein active
occurrencesof � . If AQV � ϕ �Z� /0, then ϕ is a test (but not necessarily
conversely).12

In a certainsense,thesemanticsof � canberegardedasa reconciliation
of two competingviews on indefinitenounphrasesin naturallanguage:the
traditional ideaof ‘indefinitesasexistentialquantifiers’andthe ideaof ‘in-
definitesasvariables’madepopularby discourserepresentationtheory. For
example,considertheformula � xP� x � . Onecaneasilysee

dom��  � xP� x ��� � M �[� I= xP� x ��� M 

ran��  � xP� x ��� � M �[�  P � x ��� M �

Let usmake this observationmoregeneral.To make matterssimple,we
confineourselvesto formulaswith certaindesirablesyntacticproperties.In
whatfollows, let ϕ rangeover formulaswhichsatisfythefollowing two con-
ditions:

(15) AQV � ϕ �04 FV � ϕ �'� /0.

(16) For any variablex, thereis atmostonepotentiallyactiveoccurrenceof
� x in ϕ .

12Formulasϕ with AQV Q ϕ R > /0 correspondto what Groenendijkand Stokhof
(1991)call conditions. They makea falsestatementthatϕ is a testiff ϕ is acondition
or a contradiction(FACT 6, p. 58). A counterexampleis x > a; U x Q x > aR , which is a
test,but not a conditionor a contradiction. \ \ x > a; U x Q x > aR^] ] M > \ \ x > a] ] M . Their
claim holdswhenconfinedto thecaseAQV Q ϕ R�_ FV Q ϕ R > /0.

13



(15) excludesformulaslike P � x � ; � xR� x � , and (16) excludesformulaslike
� x � P � x � ; � xR� x ��� . Neitherrestriction,however, essentiallyreducesthe ex-
pressive power of the language.13 Now defineϕ* to betheresultof erasing
all (potentially) active occurrencesof dynamicexistential quantifiersin ϕ .
For example,

� farmer� x � ; � y � donkey � y � ;own � x
 y ����� *
� farmer� x � ; � donkey � y � ;own � x
 y�����

Then

dom��  ϕ � � M �[� I= x1 ������= xnϕ* � M 

ran��  ϕ � � M �[�  ϕ* � M 


where
�
x1 
������W
 xn "5� AQV � ϕ � .14

Herearesomemoreimportantequivalences.

ϕ ;ψ B χ C ϕ B3� ψ B χ �(17)

If x
� FV � ϕ ��X AQV � ϕ � ,

ϕ ; � xψ C � x � ϕ ;ψ �(18)

If AQV � ϕ ��4 FV � ψ �'� /0,

ϕ ;ψ . ϕ / ψ(19)

ϕ B ψ C ϕ 1 ψ(20)

(19) and(20) generalize(9) and(10). The ‘internal dynamics’of ; and B
is exhaustedby their capacityto mediateindirectbindingdiscussedabove; if
AQV � ϕ �`4 FV � ϕ �9� /0, this doesnot happen,and; and B collapseto / and
1 (asfar asthesatisfactionconditionsareconcerned,in thecaseof ;).

Replacementof equivalentsin DPL. In first-orderlogic, equivalent for-
mulasareintersubstitutablesalvaveritate. Formally, if ϕ � ψ � is a first-order

13 For any formula ψ, a formula ϕ which meets(15) and(16) suchthat ϕ a ψ
canbeobtainedby mererenamingof variables.(15) is discussedby Groenendijkand
Stokhof(1991). Formulaswhich violate it arearguablynever necessaryto represent
naturallanguagesentencesanddiscourses.As for (16), note that, for any formula
ψ satisfying(15), thereis a ϕ satisfyingboth (15) and(16) suchthat ϕ J ψ. For
example,

U x Q P Q xR ; U xRQ xR^R[J L xPQ xR ; U xRQ xR

14By convention,thenotationϕ* will alwayspresupposethatϕ satisfies(15) and
(16) in theremainderof thepaper.
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formula with subformulaψ , and
�
x1 
�������
 xn " are the variableswhich have

occurrencesin � fv � ψ ��7 fv � ϕ � ψ ������Xb� fv � ψ * �07 fv � ϕ � ψ * ����� ,
-

x1 ����� xn � ψ . ψ * �'1:� ϕ � ψ �). ϕ � ψ * ���(21)

An analogueof (21) in DPL is thefollowing: if ϕ � ψ � andψ * areDPL for-
mulas(without ‘meta’ connectives)and

�
x1 
������W
 xn " arethevariableswhich

have occurrencesin � fv � ψ ��7 fv � ϕ � ψ ������Xb� fv � ψ * �07 fv � ϕ � ψ * ����� ,
-

x1 ����� xn � ψ C ψ * �'1:� ϕ � ψ � C ϕ � ψ * ���(22)

(In caseϕ � ψ � andϕ � ψ * � containno freevariables,thisamountsto

- � ψ C ψ * �)18� ϕ � ψ � C ϕ � ψ * ����

where

-
indicatesuniversalclosure.)In particular, wenotethevalidity of the

following. Let
�
x1 
������W
 xn "5� AQV � ψ � .

ψ C ψ * / - x1 ����� xn � χ C χ * �N1 � ψ ;χ C ψ * ;χ * �(23)

ψ C ψ * / - x1 ����� xn � χ . χ * �N1 � ψ B χ C ψ * B χ * �(24) -
x � ψ C ψ * �N1 �c� xψ C � xψ * �(25)

With this muchbackground,we arenow readyto introducegeneralized
quantifiersinto dynamicpredicatelogic.

4 GeneralizedQuantifiers in Dynamic Predicate
Logic

We canintroducestaticgeneralizedquantifiersinto dynamicpredicatelogic
in theobviousway. If ϕ � Qx� ψ 
 χ � ,

M � � ϕ  s� if f���
a  M � M � � ψ  s� a! x ���#"$
 � a  M � M � � χ  s� a! x ���6"$%' QM 


s   ϕ � � M s* if f s � s* andM � � ϕ  s�	�
Thiswastheformatfor all staticconnectivesin DPL.15

15Thenew clausefor fv Q ϕ R is:

ϕ fv Q ϕ R
13. QxQ ψ � χ R fv Q ψ R&d fv Q χ R minusall occurrencesof x

Q is externallystatic,soif ϕ > QxQ ψ � χ R , nooccurrenceof dynamicexistentialquan-
tifier in ϕ is potentiallyactive,andAQV Q ϕ R > /0.

15



Sincewe built our versionof DPL asan extensionof first-orderlogic,
DPL with staticgeneralizedquantifiers(DPL(Q)) in turn becomesanexten-
sionof first-orderlogic with generalizedquantifiers.For any staticgeneral-
ized quantifierQ, Q behavesin DPL(Q) just like it doesin first-orderlogic
with generalizedquantifiers.Basicprincipleslike EQUI andRenamingre-
main valid in DPL(Q), metavariableslike ϕ , ψ , etc.,now rangingover for-
mulasof DPL(Q). For Q representingnaturallanguagedeterminers,EXT and
CONScontinueto hold in DPL(Q), anddependingon thekind of quantifier
it is, oneor moreof theMON formulasremainvalid.

Tomodeldonkey sentenceswith DPL,additionof staticgeneralizedquan-
tifiers will not be enough;we needto introducedynamicgeneralizedquan-
tifiers into DPL (DPL(Q
 � )). Suchquantifiersmustallow active dynamic
existentialquantifiersin their first argumentto provide valuesfor free vari-
ablesin their secondargument;i.e., they mustbe internally dynamicin the
way ; and B are. We maywantsomedynamicgeneralizedquantifiersto be
externallydynamicaswell, to modela few naturallanguagedeterminersthat
show anexternaldynamiceffect like someanda. Nevertheless,sincewe are
not concernedwith the externaldynamiceffect of donkey sentencesin this
paper, we will ignoresuchpossibilities,andwork with internally dynamic
but externallystaticgeneralizedquantifiers.We usescript

�
asa symbolfor

suchdynamicgeneralizedquantifiers.
Thedefinitionof fv � ϕ � is naturallyextendedasfollows:

ϕ fv � ϕ �
14.

�
x � ψ 
 χ � fv � ψ �0X � y  fv � χ �2� y � AQV � ψ �Y"

minusall occurrencesof x

Since
�

is externally static, if ϕ � � x � ψ 
 χ � , no occurrenceof dynamic
existentialquantifierin ϕ is potentiallyactive,andAQV � ϕ �'� /0.

It is not a straightforwardmatterto give a generalformat for theseman-
ticsfor dynamicgeneralizedquantifiersaswedid with staticones.It seemsto
methatthereis somearbitrarychoiceto bemadein assigningdenotationsto
dynamicgeneralizedquantifiers.For Chierchia(1990,1992),dynamicgener-
alizedquantifiersarerelationsbetweendynamicproperties,andthelatterare
functionsfrom individualsto relationsbetweenassignments.Rooth(1987)
takes relationsbetweenparametricsets,the latter being setsof individual-
assignmentpairs. Suchsemanticnotionsof dynamicgeneralizedquantifiers
maynotbefully satisfactory, sincepossibleargumentsof suchrelationsmust
berestricted(only valuesfor finitely many variablesshouldmatter).It is like
takingrelationsbetweensetsof assignmentsasdenotationsof staticgeneral-
ized quantifiers.What we want is an analogueof relationsbetweensetsof
individuals.(Useof partialassignmentswould improvethematter, however.)

It is possibleto think of dynamicgeneralizedquantifiersasa restricted
classof polyadicquantifiers(of variableadicity). Soa dynamicgeneralized
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quantifier
�

canbeassociatedwith afamily of two-placepolyadicquantifiers� 1
M,
� 2

M, . . . , where
� n

M is a binaryrelationbetweenn-ary relationson M.� n
M ’s must‘agree’with eachotherin somesense.Thenwe maydefinethe

satisfactionconditionsfor ϕ � � x � ψ 
 χ � thus:

M � � ϕ  s� if f���'�
a
 b1 
������W
 bn %'� s� a! x �&  ψ � � M s� a! x
 b1 ! y1 
�������
 bn ! yn �$"Y
�9�

a
 b1 
������W
 bn %9� M � � χ  s� a! x
 b1 ! y1 
�������
 bn ! yn ���#"&%9 � ne 1
M 


where
�
y1 
������W
 yn "M� AQV � ψ � .16 The idea is to interpret

�
x� ψ 
 χ � like

Qne 1xy1 ����� yn � ψ* 
 χ � , where Qne 1 is a two-place n f 1-adic generalized
quantifier. (Thelatterformulais reminiscentof discourserepresentationthe-
ory.) However, this formatis still toogeneral,andreferenceto AQV � ψ � may
bevexing.

Fortunately, we candevelopa theoryof dynamicgeneralizedquantifiers
largely without takinga stanceon what the right notionof denotationis for
dynamicgeneralizedquantifiers. This is becausepropertiesof a dynamic
generalizedquantifier

�
canbe statedaspropertiesof formulas

�
x � ϕ 
 ψ � ,

aswe did with staticquantifiersin Section2. Moreover, particulardynamic
generalizedquantifierswe will considerarein fact theonesgivenby simple
definitionsin termsof staticquantifiersanddynamicconnectivesof DPL.

Here,we notesomeobviousprinciples.As with staticgeneralizedquan-
tifiers,dynamicgeneralizedquantifiersallow renamingof theboundvariable
(with a freshone):17

Renaming.
�

x� ϕ � x ��
 ψ � x ���). �
y � ϕ � y ��
 ψ � y ���

Sinceour dynamicgeneralizedquantifiersareexternallystatic,theabove .
canbereplacedby C .

Thesameshouldhold for variablesthatgetboundindirectly:

SubordinateRenaming.�
x � ϕ 
 ψ �'. �

x � ϕ * 
 ψ  z! y�,�
wherey  AQV � ϕ � , z is a fresh variable,ϕ * is the result of replacingoc-
currencesof y not free in ϕ by z, andψ  z! y� is the resultof replacingfree
occurrencesof y in ψ by z.

16x g@ AQV Q ψ R is assumed.An alternative wouldbe:

M A > ϕ \ s] if fh^ijh
a� b1 �^k	k^k^� bn l A#L s� Q sQ am xR�\ \ψ ] ] M s� � s� Q yi R > bi Q 1 n i n nR^RYo#�ijh

a � b1 �^k^k^k	� bn l A M A > χ \ sQ am x � b1 m y1 �^k	k^k^� bn m yn R	]�o l @qp nr 1
M �

where
i
y1 �	k^k^k^� yn o > AQV Q ψ R�_ FV Q χ R .

17Here,wemusthavex g@ AQV Q ϕ Q xR^R . (y is fresh,sowealsohavey g@ AQV Q ϕ Q yR^R .)
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Theprincipleof Equivalencetakesthe following form. If
�
y1 
������W
 yn "s�

AQV � ϕ � ,
DynamicEquivalence(DEQUI).-

x � ϕ C ϕ * �0/ - x
-

y1 �����
-

yn � ψ . ψ * �'1:� � x � ϕ 
 ψ �). �
x � ϕ * 
 ψ * ���

The dynamiceffectsof dynamicexistentialquantifiersin the first argument
of
�

reachinto the secondargument. This requiresthe extra quantifiers-
y1 �����

-
yn in thesecondconjunctof theantecedent.Justaswith dynamicim-

plicationof DPL, internaldynamicsof dynamicgeneralizedquantifiersgoes
only oneway; the dynamiceffectsof the secondargumentdoesnot matter,
whenceonly thestaticequivalence. is requiredwith respectto thesecond
argument.(Compare(24).)

Theabove threeprinciplesalwayshold for internallydynamicbut exter-
nally staticgeneralizedquantifiers.

4.1 Chierchia’s Two Definitions of Dynamic Generalized
Quantifiers

Herewe follow Chierchia(1990)andexplorewaysof definingdynamicgen-
eralizedquantifierswithin theresourcesof DPL with staticgeneralizedquan-
tifiers. Chierchia(1990)hastwo schematafor definingadynamicgeneralized
quantifierin termsof a staticcounterpart.Oneschemais usedto represent
theweakreadingof donkey sentences,andtheotheris usedto representthe
strongreading. In our presentset-upof dynamicpredicatelogic with gen-
eralizedquantifiers,they comeout as follows. For any static generalized
quantifierQ, definetwo dynamicgeneralizedquantifiers

�
W and

�
S by:18

�
Wx � ϕ 
 ψ �[. Qx� ϕ 
 ϕ ;ψ �(26) �
Sx � ϕ 
 ψ �[. Qx� ϕ 
 ϕ B ψ �(27)

(26) is for theweakreading,and(27) is for thestrongreading.19

Let uswork out anexample:

Most farmerswho own adonkey beatit.(28)
18Chierchia’s (1990)own schemataarecastin a higher-orderframework. Also, for

somemysteriousreason,he doesnot use V in (27), andinsteadusesan ‘adverb of
quantification’of universalforce. It is clearthat V doesthesamejob. Essentiallythe
samedefinitionsas(26) and(27)arealsofoundin vanEijck anddeVries 1992.

19Notethatif Q satisfiesCONS,andif AQV Q ϕ R�_ FV Q ψ R > /0,

p
Wx Q ϕ � ψ Rta p

Sx Q ϕ � ψ Rua QxQ ϕ � ψ R�k

18



Thefirst argumentof most, farmerswhoowna donkey, is translatedinto DPL
as:

farmer� x � ; � y � donkey � y � ;own � x
 y�����(29)

Thesecondargument,beatit, is translatedas:

beat� x
 y���(30)

Thetwo readingsof (28)arerepresentedby thefollowing two formulas:

vxwqy{z
Wx � farmer� x � ; � y � donkey � y � ;own � x
 y ���,
 beat� x
 y���(31) v|w5y}z
Sx � farmer� x � ; � y � donkey � y � ;own � x
 y����
 beat� x
 y ���(32)

By definition,(31) and(32)areequivalentto (33)and(34), respectively.

MOSTx � farmer� x � ; � y � donkey � y � ;own � x
 y ����
(33)

� farmer� x � ; � y � donkey � y � ;own � x
 y ����� ;beat� x
 y ���
MOSTx � farmer� x � ; � y � donkey � y � ;own � x
 y ����
(34)

� farmer� x � ; � y � donkey � y � ;own � x
 y �����'B beat� x
 y ���
By severalvaliditiesin DPL mentionedearlier, weget

farmer� x � ; � y � donkey � y � ;own � x
 y ���
. farmer� x �0/~= x � donkey � y ��/ own � x
 y �����

Similarly, we have

� farmer� x � ; � y � donkey � y � ;own � x
 y ����� ;beat� x
 y �
. farmer� x ��/b= y � donkey � y �0/ own � x
 y �0/ beat� x
 y ���

and

� farmer� x � ; � y � donkey � y � ;own � x
 y �����2B beat� x
 y �
. farmer� x �)1 -

y � donkey � y �0/ own� x
 y�'1 beat� x
 y �����
UsingEQUI, then,we seethat(33) and(34) areequivalentto (35) and(36),
respectively:

MOSTx� farmer� x �0/~= y � donkey � y ��/ own � x
 y ����
(35)

farmer� x �0/~= y � donkey � y �0/ own� x
 y �0/ beat� x
 y�����
MOSTx� farmer� x �0/~= y � donkey � y ��/ own � x
 y ����
(36)

farmer� x �)1 -
y � donkey � y ��/ own� x
 y �'1 beat� x
 y �����
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By CONS,(35) and(36) in turn areseento be equivalentto (37) and(38),
respectively.

MOSTx� farmer� x �0/~= y � donkey � y ��/ own � x
 y ����
(37)

= y � donkey � y ��/ own� x
 y �0/ beat� x
 y �����
MOSTx� farmer� x �0/~= y � donkey � y ��/ own � x
 y ����
(38) -

y � donkey � y ��/ own� x
 y �'1 beat� x
 y �����
Notethat(37) and(38) correspondto thetwo paraphrasesMostfarmers who
own a donkey beata donkey they own andMost farmers who owna donkey
beateverydonkey they ownof (28), respectively.

The equivalenceslike thesehold in general. If Q is conservative, x
 y � 
AQV � χ � x
 y��� , andx

� AQV � ϕ � x ��� ,
�

Wx � ϕ � x � ; � yχ � x
 y��
 ψ � x
 y ���(39)

. Qx� ϕ � x �0/~= yχ � x
 y ��
�= y � χ � x
 y �0/ ψ � x
 y ������
Sx � ϕ � x � ; � yχ � x
 y �,
 ψ � x
 y ���(40)

. Qx� ϕ � x �0/~= yχ � x
 y ��
 - y � χ � x
 y �)1 ψ � x
 y�����
Theformulason theright-handsideof (39)and(40) areschematicrepresen-
tationsof theweakandstrongreadingsof donkey sentencesof theform (1a)
in first-orderlogic with generalizedquantifiers.

Thus,theproblemof choosingbetweentheweakandstrongreadingsof
donkey sentencesbecomesthe problemof choosingbetween

�
W and

�
S.

Our agendais to choosebetween
�

W and
�

S on thebasisof monotonicity
propertiesof Q. Beforeturning to this task,however, let ussidetracka little
bit andlook at a differentpossiblewayof discrimination.

4.2 Dynamic Notionsof Conservativity

Chierchia(1990)claimsthatthereis ana priori reasonto favor
�

W over
�

S
regardlessof thekind of quantifierQ is. His reasonis that

�
W, but not

�
S,

canbesaidto bedynamicallyconservative. A dynamicgeneralizedquantifier�
is saidto bedynamicallyconservative in Chierchia’ssenseif thefollowing

is valid:

DynamicConservativity 1 (DCONS1).�
x � ϕ 
 ψ �). �

x � ϕ 
 ϕ ;ψ �
DCONS1is supposedto be thedynamicanalogueof CONS.Given that ; is
the dynamiccounterpartof / , thereis a goodcorrespondence.It is easyto
seethat

�
W, but not

�
S, satisfiesDCONS1.20

20Thereis a proviso thatAQV Q ϕ Rj_ FV Q ϕ R > /0. (See(15) andfootnote13.) This
conditionis necessaryto make many otherreasonablestatements,e.g.,thevalidity of
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SinceCONSis a fundamentalpropertyof staticgeneralizedquantifiers
representingnaturallanguagedeterminers,we would naturallyexpectsome
dynamicversionof CONSto hold of dynamicgeneralizedquantifiers,and
DCONS1is certainlyonenaturalcandidate.Chierchia’smistakewasto think
DCONS1is the only naturaldynamicanalogueof CONS.He states:‘I see
no non-trivial sensein which [strongdynamicdeterminers,our

�
S—M.K.]

maybesaidto bedynamicallyconservative’ (p. 21). However, thereis anon-
trivial sensein which

�
S may be saidto be dynamicallyconservative. It is

thefollowing:

DynamicConservativity 2 (DCONS2).�
x � ϕ 
 ψ �'. �

x� ϕ 
 ϕ B ψ �
It is easyto seethat

�
S, but not

�
W, satisfiesDCONS2.

Why is DCONS2a naturaldynamicanalogueof CONS?Clearly, the
staticschemacorrespondingto DCONS2is

CONS2. Qx� ϕ 
 ψ �'. Qx� ϕ 
 ϕ 1 ψ �
But CONS2is equivalentto CONS: they expressoneandthe samecondi-
tion on Q.21 SinceCONS2alsoexpresses(static)Conservativity, DCONS2
canalsobesaidto bea naturaldynamicversionof Conservativity. If so,one
cannotchoosebetween

�
W and

�
S on the basisof a criterion like conser-

vativity, contraryto Chierchia’sclaim. UnlikeCONSandCONS2,DCONS1
andDCONS2arenot equivalent.They aredifferent,but equallynatural,dy-
namicversionsof thenotionof conservativity. I donotseeany goodgrounds
for choosingbetweenDCONS1andDCONS2.22

ϕ V ϕ or ϕ ;ϕ J ϕ.
Proof of the claim. As for p W, since; is associative (see(12)), it is sufficient to

observe ϕ J ϕ ;ϕ if AQV Q ϕ R`_ FV Q ϕ R > /0. As for p S, observe that Q ϕ V ϕ ;ψ R9J
Q ϕ P ϕ ;ψ R sothat p Sx Q ϕ � ϕ ;ψ R�a QxQ ϕ � ϕ P ϕ ;ψ R�a QxQ ϕ � ϕ ;ψ Rja p Wx Q ϕ � ψ R
(assumingconservativity of Q).

21Proof. AssumeCONS.Then

QxQ ϕ � ϕ P ψ Rta QxQ ϕ � ϕ OsQ ϕ P ψ R^R (CONS)
a QxQ ϕ � ϕ O ψ R Q ϕ OsQ ϕ P ψ R)a ϕ O ψ R
a QxQ ϕ � ψ R (CONS)k

For theconverse,assumeCONS2.Then

QxQ ϕ � ϕ O ψ Rua QxQ ϕ � ϕ P ϕ O ψ R (CONS2)
a QxQ ϕ � ϕ P ψ R Q^Q ϕ P ϕ O ψ R)a{Q ϕ P ψ R^R
a QxQ ϕ � ψ R (CONS2)k

(Themiddlestepsmake useof EQUI.)
22Of course,viewedasinferential principles, CONSandCONS2arenot thesame.

Onemight arguethatDCONS1is ‘more natural’since,like CONS,it correspondsto

21



We saw earlierthat connectivesin first-orderlogic may have morethan
onedynamicrealizationin dynamicpredicatelogic. Here,we areobserv-
ing a similar phenomenon.Conditionson staticgeneralizedquantifierslike
Conservativity mayhave avarietyof non-equivalentdynamiccounterparts.

In fact,thereis yetanothernotionof dynamicconservativity whichholds
of both

�
W and

�
S. This third notion of dynamicconservativity, which

I in fact think is the most natural one, can be given in terms of the *-
transformationdefinedin Section3.

DCONS*.
�

x � ϕ 
 ψ �'. �
x� ϕ 
 ϕ* / ψ �

Recall that ϕ* is the result of erasingall potentially active occurrencesof
dynamicexistentialquantifiers23 and

ran��  ϕ � � M �9�� ϕ* � M 

thatis, ϕ* expressesthe‘dynamiceffect’ of ϕ . WhatDCONS*saysis this: to
know  � x � ϕ 
 ψ ��� M , it is notnecessaryto look at thewholeof  ψ � M ; knowing
ran��  ϕ � � M ��4� ψ � M is enough. This is a very naturalcondition, since, like
dynamicconnectivesof DPL, internallydynamicgeneralizedquantifiersare
supposedto evaluatethe secondargumentwith respectto assignmentsthat
areoutputsof thefirst argument.24

a naturalform of inferencein English:

DetN VP a DetN is a N andVP
E.g.,
Det farmerwho ownsa donkey beatsit a
Detfarmerwhoownsadonkey is afarmerwhoownsadonkey andbeats
it

ExpressingDCONS2in Englishis moreawkward:

Det farmerwho ownsa donkey beatsit a
Det farmerwho ownsa donkey is suchthat if heis a farmerwho owns
adonkey, hebeatsit

(CONS2maybeexpressedas‘Det N VP a DetN VP if he(she,etc.)is aN’, but this
doesnot work for DCONS2.) However, unlike Monotonicity, I think Conservativity
shouldbethoughtof asa principleaboutinterpretation,not inference.It is difficult to
imagineEnglishspeakersever resortto paraphraseslike theabove. Prolix formslike
‘Det N is a N andVP’ have little usein ordinarydiscourse;in fact,I eventhink such
paraphrasabilitymaynot beimmediatelyrecognized.

23As before,ϕ is assumedto be suchthat it satisfies(15) and(16) in Section3,
that is, AQV Q ϕ Rj_ FV Q ϕ R > /0 andthereis for any variablex at mostonepotentially
active occurrenceof U x. Under(15), the secondrestriction(16) canbe avoidedby
complicatingthetransformation(seefootnote13).

24To capturethis ‘spirit’ of DCONS* without restrictingϕ to formulasthatsatisfy
(15)and(16),wemight introduce* asanew operatorin thelanguage,sothat \ ϕ* ] M >
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Three notions of Dynamic Conservativity, when confinedto the case
AQV � ϕ �04 FV � ψ �'� /0, all turnout to beequivalentandamountto:

�
x � ϕ 
 ψ �N. �

x � ϕ 
 ϕ / ψ � if AQV � ϕ �04 FV � ψ �)� /0.

Clearly, dynamicconjunctionanddynamicimplicationsatisfythefollow-
ing, whichareanalogousto DCONS*:25

ϕ ;ψ . ϕ ; � ϕ* / ψ �(41)

ϕ B ψ . ϕ B3� ϕ* / ψ �(42)

From this it follows that both DCONS1and DCONS2imply DCONS*.26

Therefore,DCONS* is satisfiedby both
�

W and
�

S.
I adoptDCONS* as our official versionof dynamicconservativity for

the following two reasons.Firstly, DCONS1andDCONS2are too strong
principles; they seemto do morethanwhat dynamicconservativity should
do,sincethey essentiallyreducedynamicgeneralizedquantificationto static
generalizedquantificationcombinedwith dynamicconjunctionor implica-
tion. (On the right-handside of DCONS1 and DCONS2, no ‘dynamic
binding’ occursbetweenthe two argumentsof

�
, exceptin the anomalous

ranQ^\ \ϕ ] ] M R for an arbitraryformulaϕ. In fact,even this canbe avoidedif we adopt
thefollowing form of DynamicConservativity:

DCONS. S x Q ϕ V}Q ψ a ψ ��R^R�P�Q p x Q ϕ � ψ R)a p x Q ϕ � ψ ��R^R�k
DCONS implies DCONS* in its operator version, and, when ϕ satisfies(15)
(AQV Q ϕ R`_ FV Q ϕ R > /0), conversely. They bothcoincidewith DCONS* in its trans-
formationversionwhenϕ satisfiesboth(15) and(16). We opt for thetransformation
versionof DCONS* for simplicity.

25(41)canbeturnedinto a full dynamicequivalenceusing; insteadof O :

ϕ ;ψ J ϕ ; Q ϕ* ;ψ R

26For, if DCONS1,

p x Q ϕ � ϕ* O ψ Rua p x Q ϕ � ϕ ; Q ϕ* O ψ R	R (DCONS1)
a p x Q ϕ � ϕ ;ψ R (41)
a p x Q ϕ � ψ R (DCONS1)

andif DCONS2,

p x Q ϕ � ϕ* O ψ Rua p x Q ϕ � ϕ V ϕ* O ψ R (DCONS2)
a p x Q ϕ � ϕ V ψ R (42)
a p x Q ϕ � ψ R (DCONS2)
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caseAQV � ϕ ��4 FV � ϕ � �� /0.) They restrict the classof dynamicgeneral-
izedquantifierstoo narrowly—for any staticgeneralizedquantifier, a unique
dynamicgeneralizedquantifierwould bedetermined.In contrast,DCONS*
is a principlepurelyaboutdynamicquantification,andit leavesmany inter-
estingoptionsopen.For example,thehypotheticalreadingof ‘Most farmers
who own a donkey beatit’ paraphrasedby ‘Most farmerswho own a donkey
beatmostdonkeys they own’ canbe representedby a dynamicgeneralized
quantifiersatisfyingDCONS*. Secondly, DCONS* is sufficiently strongto
establishsomeelegantresultsin the theoryof dynamicgeneralizedquanti-
fiers.Strongernotionsof dynamicconservativity arenot necessary.27

4.3 Monotonicity for Dynamic GeneralizedQuantifiers

A universalpropertyof quantifierslikeConservativity doesnotdecidewhich
of thetwo schemata(26) and(27)shouldbeused.Our claim is thatdifferent
quantifierscanchoosedifferentschemata,basedon their monotonicityprop-
erties. To do this, we have to formulatea suitablenotion of monotonicity
for internallydynamicgeneralizedquantifiers.Recallthat in thestaticcase,
monotonicityof aquantifierQ is expressedby thefollowing formulas:

StaticMonotonicity.
� MON

-
x � ϕ 1 ϕ * �)18� Qx� ϕ 
 ψ �91 Qx� ϕ * 
 ψ ���

� MON
-

x � ϕ * 1 ϕ �)18� Qx� ϕ 
 ψ �91 Qx� ϕ * 
 ψ ���
MON � -

x � ψ 1 ψ * �)1:� Qx� ϕ 
 ψ �)1 Qx� ϕ 
 ψ * ���
MON � -

x � ψ * 1 ψ �)1:� Qx� ϕ 
 ψ �)1 Qx� ϕ 
 ψ * ���
Suitabledynamicversionsof theseformulasturn out to bethefollowing.

Let
�
y1 
�������
 yn "�� AQV � ϕ � .

DynamicMonotonicity.

� DMON
-

x � ϕ D ϕ * �218� � x � ϕ 
 ψ �)1 �
x � ϕ * 
 ψ ���

� DMON
-

x � ϕ *�D ϕ �218� � x � ϕ 
 ψ �)1 �
x � ϕ *�
 ψ ���

DMON � -
x
-

y1 �����
-

yn � ψ 1 ψ * �)13� � x � ϕ 
 ψ �)1 �
x � ϕ 
 ψ * ���

DMON � -
x
-

y1 �����
-

yn � ψ * 1 ψ �213� � x � ϕ 
 ψ �)1 �
x � ϕ 
 ψ * ���

Thereadershouldrecognizeananalogywith DEQUI.
In � DMON and � DMON, thestaticimplicationin thepremiseof � MON

and � MON is replacedby D . This is dictatedby the fact that, whereasthe
static denotationof ϕ exhaustsits semanticcontribution to Qx� ϕ 
 ψ � , the

27I shouldalsomentionthatDCONS* looksnaturalfrom a semanticpointof view,
if we think of a dynamicgeneralizedquantifierasa family of polyadicquantifiersas
outlinedearlier. DCONS*would correspondto p nRSif f p nRQ R _ SR .
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wholedynamicdenotationof ϕ mattersto
�

x � ϕ 
 ψ � . Replacing1 by D ef-
fectsa shift from staticdenotationto dynamicdenotation.28 Notethat,of the
two dynamicconnectivesin our DPL which correspondto staticimplication,
the‘meta’ connective D is theonethatmakessensehere.Thiscontrastswith
theformulationof DCONS2,where B takestheplaceof 1 in CONS2.

For internally dynamic (externally static)
�

,  � x � ϕ 
 ψ ��� M is a func-
tion of   ϕ � � M and  ψ � M . (ψ doesnot make a ‘dynamic contribution’ to�

x � ϕ 
 ψ � .) Hence,theimplicationremainsstaticin thepremiseof DMON �
andDMON � . The extra universalquantifiers

-
y1 �����

-
yn are accountedfor

by the fact that the free occurrencesof y1 
������W
 yn in ψ becomebound in�
x � ϕ 
 ψ � .29

A dynamicgeneralizedquantifier
�

is said to be dynamicallyupward
monotonein thefirstargument(etc.)if it validatesthe � DMON formula(etc.).
We say

�
is � DMON (etc.),for short.

This dynamicnotionof Monotonicity is adequateto capturemonotonic-
ity inferencein donkey sentences.Let usconsiderthe earliernon-inference
from No manwhoownsa housesprinklesit to No manwhoownsa garden
sprinklesit, in modelswhereevery manwho owns a gardenowns a house.
Here,wehave

-
x � man� x � ; � y� garden� y � ;own � x
 y���

1 man� x � ; � y � house� y � ;own � x
 y������

but thestaticimplication 1 cannotbereplacedby thedynamic D .30 There-
fore,we cannotexpectto derive

��w
x � man� x � ; � y� garden� y � ;own � x
 y ����
 sprinkle� x
 y ���

28In thesimplecasewhereAQV Q ϕ R > AQV Q ϕ � R > i y1 �^k^k	k^� yn o , we have

S x Q ϕ K ϕ � R[a S xS y1 k^k	k yn Q ϕ* P ϕ � * R�k
In thegeneralcase,therelationbetweenthetwo formulasis complex.

29If DCONS* is assumed,referenceto AQV Q ϕ R in DMON � andDMON � canbe
avoidedby adoptingthefollowing:

DMON � S x Q ϕ V�Q ψ P ψ � R^R�P}Q p x Q ϕ � ψ R)P p x Q ϕ � ψ � R^R
DMON � S x Q ϕ V�Q ψ � P ψ R^R2P}Q p x Q ϕ � ψ R)P p x Q ϕ � ψ � R^R

TheaboveversionimpliesDCONS* (or DCONSof footnote24).
30Notethat

S x Q manQ xR ; U y Q gardenQ yR ;own Q x� yR^R2K manQ xR ; U y Q houseQ yR ;own Q x � yR^R^R
is equivalentto

S xS y Q manQ xR&O gardenQ yR&O own Q x� yR2P manQ xR&O houseQ yR&O own Q x� yR^R�k
Seefootnote28.
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from ��w
x � man� x � ; � y� house� y � ;own � x
 y ���,
 sprinkle� x
 y ����


evenif
�|w

is adynamicgeneralizedquantifierthatis � DMON. In contrast,
in thecaseof valid inferencefrom No farmerwhoownsa donkey beatsit to
No farmer who ownsa femaledonkey beatsit, the necessarypremisedoes
hold:

-
x � farmer� x � ; � y � female� y � ;donkey � y � ;own � x
 y ���

D farmer� x � ; � y � donkey � y � ;own � x
 y �����,�
Dynamicleft monotonicityof

�
W and

�
S. Given a doublemonotone

staticquantifierQ, wecanshow either
�

W or
�

S, but notboth,turnsoutto be
dynamicallyleft monotone.First, notethefollowing monotonicitybehavior
of ; and B . Let

�
y1 
�������
 yn "5� AQV � ϕ � .

� ϕ D ϕ * �N1 � ϕ ;ψ 1 ϕ * ;ψ �(43) -
y1 �����

-
yn � ψ 1 ψ * �N1 � ϕ ;ψ 1 ϕ ;ψ * �(44)

� ϕ * D ϕ �N1 ��� ϕ B ψ �'1:� ϕ * B ψ ���(45) -
y1 �����

-
yn � ψ 1 ψ * �N1 ��� ϕ B ψ �'1:� ϕ B ψ * ���(46)

For example,let Q be � MON � . Since

-
x � ϕ * D ϕ �N1 -

x � ϕ * 1 ϕ �
andby (45),

-
x � ϕ * D ϕ �u1 -

x ��� ϕ B ψ �'1:� ϕ * B ψ ����

we get

-
x � ϕ * D ϕ �N1 � Qx� ϕ 
 ϕ B ψ �)1 Qx� ϕ * 
 ϕ * B ψ ���

by � MON andMON � . Thismeansthat
�

S is � DMON.
Table4 shows the dynamicmonotonicitypropertiesof

�
W and

�
S for

doublemonotoneQ.31

Left MonotonicityPrinciple. We arenow in a positionto be ableto for-
mulateaprincipleaboutinterpretationsof donkey sentencesthatexplainsthe
correlationgivenin Table1 preciselyin termsof dynamicpredicatelogicwith
generalizedquantifiers.Theinterpretationof a donkey sentenceof theform

Det N VP,
31 g � DMON ( g � DMON) heremeansthat the � DMON ( � DMON) formula is not in

generalvalid.
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Q
�

W
�

S

� MON � � DMON � � � DMON �
� MON � � � DMON � � DMON �
� MON � � � DMON � � DMON �
� MON � � DMON � � � DMON �

Table4: Dynamicmonotonicityof
�

W and
�

S.

where Det ‘means’ Q, is assumedto be representedby a formula of
DPL(Q
 � ) �

x � ϕ 
 ψ ��

where

�
is either

�
W or

�
S, and ϕ and ψ are the translationsof N and

VP, respectively, in DPL. (Assumethatindefinitenounphrasesaretranslated
using � .) Theprincipleis thefollowing:

(47) Left MonotonicityPrinciple. If Q is � MON ( � MON), thesuitabledy-
namicversion

�
of Q shouldbe � DMON ( � DMON).

By Table4, this correctlyexplainsthecorrelationgivenin Table1. TheLeft
Monotonicity Principleensuresthat the interpretationof a donkey sentence
with aleft monotonedeterminervalidatesmonotonicityinferencelike(3) and
(4).

Notethatright monotonicityis preservedby both
�

W and
�

S. Hencewe
canalsosay:

(48) MonotonicityPrinciple. Thesuitabledynamicversion
�

of Q should
preserve themonotonicitypropertiesof Q (asdynamicmonotonicity).

4.4 Double Monotonicity Characterization of Dynamic
GeneralizedQuantifiers

We have shown thatdynamicleft monotonicitycanbe usedto discriminate
between

�
W and

�
S. In fact, we do not have to restrict our attentionto�

W and
�

S from the start. Under minimal assumptions,it canbe shown
thatdynamicmonotonicityin bothargumentsuniquelydeterminesadynamic
counterpart

�
of agivenstaticgeneralizedquantifierQ. Of course,sucha

�
mustbeeither

�
W or

�
S.

An obviousconditionto imposeon therelationshipbetweenQ and
�

is
thefollowing, whichwe call Agreement.

Agreement.If AQV � ϕ �04 FV � ψ �)� /0,�
x � ϕ 
 ψ �). Qx� ϕ 
 ψ �

27



It saysthatdynamicquantificationshouldreduceto staticquantificationwhen
thereis no ‘dynamicbinding’ involved. Recallthatanalogoussituationsob-
tainedfor ; and B ((19) and(20)). Obviously,

�
W and

�
S bothsatisfythis

conditionif Q satisfiesCONS.
Agreementlookslikeavery innocuousprinciple;dynamic

�
shouldcer-

tainly bea ‘conservativeextension’of staticQ. Nevertheless,combinedwith
othernaturalprinciples,it impliesratherstrongconsequences.In thefollow-
ing, DEQUI is alwaysassumed.(SeeSection4.6 for proof of the resultsof
this section.)

LEMMA 1. If
�

satisfiesDCONS*andAgreement,thenthefollowing holds:

-
x ��� ϕ B ψ �0< ; � ϕ ;ψ ���)1

� � x � ϕ 
 ψ �). �
Wx � ϕ 
 ψ ����/b� � x� ϕ 
 ψ �). �

Sx� ϕ 
 ψ ���

Lemma1 correspondsto thefactthat,with respectto sentenceslikeMost
farmers who own a donkey beatit, ‘peoplehave firm intuitions aboutsitua-
tionswherefarmersareconsistentabouttheirdonkey-beating’(Rooth1987),
that is, wheneachdonkey-owning farmerbeatseither all of their donkeys
or noneof them. In suchsituations,both the weakreadingand the strong
reading—whichbecomeequivalent—adequatelycapturetheintuitions.

As aspecialcaseof Lemma1, we have

COROLLARY 1. Underthesameconditions,thefollowing holds:

-
x= z1 ������= zn � ϕ B y1 � z1 /b������/ yn � zn �)1
� � x � ϕ 
 ψ �). Qx� ϕ 
�= z1 ������= zn ��� ϕ B y1 � z1 /b������/ yn � zn �

/ ψ  z1 ! y1 
������W
 zn ! yn�,�����
Here,

�
y1 
������W
 yn "�� AQV � ϕ �)4 FV � ψ � , z1 
������W
 zn are new variables,and

ψ  z1 ! y1 
������W
 zn ! yn� is the resultof replacingall free occurrencesof yi in ψ
by zi (1 � i � n).

Corollary1 saysthat if the valuefor the ‘donkey variable’ is uniqueper
valuefor the ‘f armervariable’, thenthe donkey variablecanbe replacedby
anappropriatedefinitedescription,andthequantificationcanbetakento be
static. Noticethattheantecedentexpressestheuniquenesscondition,andthe
quantificationin thesecondargumentof Q amountsto aRusselliantreatment
of definitedescription.This correspondsto theempiricalfact thatwhenthe
‘uniquenesspresupposition’of the donkey pronounis met, thenthereis no
questionwhatsoever aboutthe truth conditionsof the donkey sentence,and
theparaphrasewith adefinitedescriptionis entirelyadequate.It is interesting
thatthis automaticallyfollows from AgreementandDCONS*.
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Now with AgreementandDCONS*,dynamicdoublemonotonicityis suf-
ficient to pin down

�
uniquelyfrom Q.

PROPOSITION 2. Assumethat
�

satisfiesAgreementandDCONS*. If
�

is
moreoverDMON � ,

�
Sx � ϕ 
 ψ �u1 �

x � ϕ 
 ψ �u1 �
Wx � ϕ 
 ψ ���

If
�

is DMON � , thereverseimplicationshold.

PROPOSITION 3. Assumethat
�

satisfiesAgreementandDCONS*. Thenif�
is � DMON,

�
Wx � ϕ 
 ψ �N1 �

x� ϕ 
 ψ � and
�

Sx � ϕ 
 ψ �[1 �
x � ϕ 
 ψ ���

If
�

is � DMON, thereverseimplicationshold.

Proposition3 usesLemma1. By the two Propositions,if Q is � MON � ,�
W is theonly � DMON � � whichsatisfiesAgreementandDCONS*. Like-

wise for theotherthreedoublemonotonicitypatterns.In this way, dynamic
doublemonotonicityuniquelydeterminesa dynamicgeneralizedquantifier
correspondingto a givenstaticone.

Thesignificanceof the resultsin this sectioncanbesummarizedasfol-
lows. Ratherthanthinking of

�
W and

�
S astwo possibleoptionsto choose

from, we maythink thatno concretechoicefor a dynamiccounterpart
�

of
a staticQ is given in advance,but that thereare minimal conditionsto be
satisfiedby any possibledynamiccounterpartof a staticQ, namelyAgree-
mentandDCONS*.32 Imposingdynamicdoublemonotonicityasa further
requirementthenamountsto an implicit definitionof

�
out of Q.

Theconsequenceof this to thesemanticsof donkey sentencesis thatwe
neednotthink thattheweakandstrongreadingsarethetwo possibleinterpre-
tationsof donkey sentencesthatwould beallowedin principle,of which one
or theotheris pickedby theLeft MonotonicityPrinciplewhenthedeterminer
is doublemonotone.Instead,wemaythink thatin theabsenceof information
aboutspecificpropertiesof the determiner, the grammarwould not assign
any concreteinterpretationto a donkey sentenceat all. The Monotonicity
Principle(48) canthenbeconsideredasa principlethat formsa concretein-
terpretation,fleshingout a schematic,partially specifiedmeaningprovided
by thegrammar.33

32Anothernaturalconditionis a suitabledynamicversionof EXT. SeeSection4.5.
33Morediscussionon this pointwill befoundin Kanazawa 1993.
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4.5 Monotonicity and Preservation

In Section2, we mentionedanequivalencebetweenleft monotonicityon the
one handand preservation underextensions/submodelsof a sentenceof a
certainform ontheother. It turnsout thatthiscanbeextendedto thedynamic
setting. Firstly, in first-orderlogic with generalizedquantifiers,onehalf of
Proposition1 canbestrengthened:

PROPOSITION 4. Assumethat Q hasEXT andCONS.Then Q is � MON
( � MON) if andonly if everysentenceof theform Qx� ϕ 
 ψ � , whereϕ is exis-
tentialandψ is quantifier-free,is preservedunderextensions(submodels).34

Now let usdefineadynamicnotionof Extensionasfollows:

DynamicExtension(DEXT). For any M , N, s:VAR 1 M, ands* :VAR 1 N,
if

�'�
a
 b1 
������W
 bn %) Mne 1 � s� a! x �&  ϕ � � M s� a! x
 b1 ! y1 
������W
 bn ! yn �$"
� �9� a
 b1 
������W
 bn %) Nne 1 � s* � a! x ��  ϕ � � N s* � a! x
 b1 ! y1 
�������
 bn ! yn �Y"

and

�9�
a
 b1 
������W
 bn %) Mne 1 � M � � ψ  s� a! x
 b1 ! y1 
������W
 bn ! yn ���#"
� �'� a
 b1 
������W
 bn %) Nne 1 � N � � ψ  s* � a! x
 b1 ! y1 
������W
 bn ! yn ���#"$


where
�
y1 
������W
 yn "5� AQV � ϕ � ,35 then

M � � � x� ϕ 
 ψ �� s� if f N � � � x � ϕ 
 ψ �� s* ���
Thenwe have astraightforwarddynamicversionof Proposition4:

PROPOSITION 5. Assumethat
�

satisfiesDEXT andDCONS*. Then
�

is � DMON ( � DMON) if andonly if every sentenceof the form
�

x � ϕ 
 ψ � ,
whereϕ is existentialandψ is quantifier-free,is preservedunderextensions
(submodels).

A DPL formula ϕ is existential if it is of the form
� x1 �����^� xn = xne 1 �����W= xne mψ for a quantifier-free ψ . (SeeSection4.6 for
proof of Proposition5.) Proposition5 maybeseenasan indicationthatour
DEXT, DCONS*, andDMON arenaturaldynamicanaloguesof the corre-
spondingstaticconditions.

34A first-orderformula ϕ is calledexistential if it is of the form L x1 k^k	k xnψ for a
quantifier-freeψ.

35As usual,x g@ AQV Q ϕ R is assumed.
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Thefactthatasentenceispreservedunderextensionsorsubmodelsmeans
that thetruth of thesentencein onemodelmaybeinferredfrom thetruth of
the samesentencein anothermodel. Suchinferencecanbe regardedasa
model-theoreticmodeof monotonicityinference.Therelevanceof this to the
semanticsof donkey sentencesis discussedat lengthin Kanazawa1993.

4.6 Proofs

In whatfollows,ϕ standsfor a formulaof dynamicpredicatelogic with gen-
eralizedquantifierssuchthatAQV � ϕ �04 FV � ϕ ��� /0 andthereis at mostone
potentiallyactive occurrenceof � x in ϕ for any variablex. ψ standsfor an
arbitraryformula. Let

�
y1 
�������
 yn "q� AQV � ϕ � . ϕ* is theresultof erasingall

potentiallyactive occurrencesof dynamicexistentialquantifiersin ϕ . Note
thefollowing equivalences:

ϕ C � y1 �����	� ynϕ*

. = y1 ������= ynϕ*

ϕ ;ψ C � y1 �����	� yn � ϕ* ;ψ �
. = y1 ������= yn � ϕ* / ψ �

ϕ B ψ C -
y1 �����

-
yn � ϕ* 1 ψ �

LEMMA 1. If
�

satisfiesDCONS*andAgreement,thenthefollowing holds:

-
x ��� ϕ B ψ �0< ; � ϕ ;ψ ���)1

� � x � ϕ 
 ψ �). �
Wx � ϕ 
 ψ ����/b� � x� ϕ 
 ψ �). �

Sx� ϕ 
 ψ ���

Proof. By DCONS*,

�
x� ϕ 
 ψ �N. �

x � ϕ 
 ϕ* / ψ �
andby AgreementandDCONS*,

�
Wx � ϕ 
 ψ �[. Qx� ϕ 
 ϕ ;ψ �

. �
x � ϕ 
 ϕ ;ψ �

. �
x � ϕ 
 ϕ* /M� ϕ ;ψ ����

Sx � ϕ 
 ψ �[. Qx� ϕ 
 ϕ B ψ �
. �

x � ϕ 
 ϕ B ψ �
. �

x � ϕ 
 ϕ* /M� ϕ B ψ �����
Therefore,it sufficesto show that

-
x ��� ϕ B ψ �0< ; � ϕ ;ψ ���
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implies -
x
-

y1 �����
-

yn � ϕ* / ψ . ϕ* /b� ϕ ;ψ ���
and -

x
-

y1 �����
-

yn � ϕ* / ψ . ϕ* /b� ϕ B ψ ����

which,by DEQUI, imply

�
x� ϕ 
 ϕ* / ψ �N. �

x � ϕ 
 ϕ* /M� ϕ ;ψ ���
and

�
x � ϕ 
 ϕ* / ψ �N. �

x� ϕ 
 ϕ* /b� ϕ B ψ ���,�
Noticethat

ϕ* / ψ 1 ϕ* /M� ϕ ;ψ �
and

ϕ* /M� ϕ B ψ �21 ϕ* / ψ

arevalid. It remainsto show that

ϕ* /M� ϕ ;ψ �N1 ϕ* / ψ(1)

ϕ* / ψ 1 ϕ* /b� ϕ B ψ �(2)

follow from
� ϕ B ψ �0< ; � ϕ ;ψ ���(3)

As for (1), if � ϕ B ψ � , then ϕ* implies ϕ* / ψ and if ; � ϕ ;ψ � , then the
antecedentof (1) is false.So(1) holdsunder(3). As for (2), if � ϕ B ψ � , ϕ*
implies theconsequentof (2), andif ; � ϕ ;ψ � , theantecedentof (2) is false.
So(2) holdsunder(3).

PROPOSITION 2. Assumethat
�

satisfiesAgreementandDCONS*. If
�

is
moreoverDMON � ,

�
Sx � ϕ 
 ψ �u1 �

x � ϕ 
 ψ �u1 �
Wx � ϕ 
 ψ ���

If
�

is DMON � , thereverseimplicationshold.

Proof.

�
Sx � ϕ 
 ψ �N. Qx� ϕ 
 ϕ B ψ � (Definition of

�
S)

. �
x � ϕ 
 ϕ B ψ � (Agreement)

1 �
x � ϕ 
 ϕ* 1 ψ � (DMON � )

. �
x � ϕ 
 ψ � (DCONS*)
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(Note
-

x
-

y1 �����
-

yn ��� ϕ B ψ �218� ϕ* 1 ψ ��� .)
�

x � ϕ 
 ψ �N. �
x � ϕ 
 ϕ* / ψ � (DCONS*)

1 �
x � ϕ 
 ϕ ;ψ � (DMON � )

. Qx� ϕ 
 ϕ ;ψ � (Agreement)
. �

Wx � ϕ 
 ψ � (Definitionof
�

W)

(Note
-

x
-

y1 �����
-

yn ��� ϕ* / ψ �218� ϕ ;ψ ��� .)
TheDMON � caseis similar.

PROPOSITION 3. Assumethat
�

satisfiesAgreementandDCONS*. Thenif�
is � DMON,

�
Wx � ϕ 
 ψ �[1 �

x � ϕ 
 ψ � and
�

Sx � ϕ 
 ψ �N1 �
x � ϕ 
 ψ �

If
�

is � DMON, thereverseimplicationshold.

Proof. Thecruxof theproofconsistsin finding formulasχ andσ thatsatisfy
thefollowing conditions:

� 1 � -
x � χ D ϕ � � 5 � -

x � σ D ϕ �
� 2 � -

x � χ . ϕ � � 6 � -
x � σ . ϕ �

� 3 � -
x � χ ;ψ . ϕ ;ψ � � 7 � -

x � σ B ψ . ϕ B ψ �
� 4 � -

x ��� χ B ψ �0< ; � χ ;ψ ���u� 8 � -
x ��� σ B ψ �0< ; � σ ;ψ ���

If suchχ andσ arefound,
�

Wx � ϕ 
 ψ �N. Qx� ϕ 
 ϕ ;ψ � (Definition of
�

W)
. Qx� χ 
 χ ;ψ � by (2), (3), andEQUI
. �

Wx� χ 
 ψ � (Definition of
�

W)
. �

x� χ 
 ψ � by (4) andLemma1
1 �

x� ϕ 
 ψ � by (1) and � DMON

and
�

Sx � ϕ 
 ψ �[. Qx� ϕ 
 ϕ B ψ � (Definitionof
�

S)
. Qx� σ 
 σ B ψ � by (6), (7), andEQUI
. �

Sx � σ 
 ψ � (Definitionof
�

S)
. �

x � σ 
 ψ � by (8) andLemma1
1 �

x � ϕ 
 ψ � by (5) and � DMON.

(If
�

is � DMON, thelast implicationis reversed.)Let

χ* �H� ϕ* / ψ �0<M� ; � ϕ ;ψ �0/ ϕ* �
and

σ* �H� ϕ* / ; ψ ��<M��� ϕ B ψ �0/ ϕ* �,�
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Thenχ ��� y1 �����^� ynχ* andσ ��� y1 �����^� ynσ* arethedesiredformulas.We
leave theverificationof (1)–(8)to thereader.

PROPOSITION 5. Assumethat
�

satisfiesDEXT andDCONS*. Then
�

is � DMON ( � DMON) if andonly if every sentenceof the form
�

x � ϕ 
 ψ � ,
whereϕ is existentialandψ is quantifier-free,is preservedunderextensions
(submodels).

Proof.
Only if. Suppose

�
is � DMON (the � DMON caseis similar),andlet

ϕ ��� y1 �����^� yn = z1 ������= zmχ

where χ is a quantifier-free formula with free variables
x
 y1 
������W
 yn 
 z1 
������W
 zm. Let ψ bea quantifier-freeformulawith freevariables
x
 y1 
������W
 yn. Sincedynamicconnectivesareequivalentto correspondingstatic
connectiveswhenthey combinequantifier-free formulas,ϕ* ��= z1 �����W= zmχ
is equivalentto afirst-orderexistentialformula,andψ is equivalentto afirst-
orderquantifier-freeformula.Let N � M . Then,asin first-orderlogic, for all
a
 b1 
�������
 bn  N,

N � � ϕ*  a
 b1 
�������
 bn� implies M � � ϕ*  a
 b1 
�������
 bn�
and

N � � ψ  a
 b1 
�������
 bn� if andonly if M � � ψ  a
 b1 
�������
 bn���
Expandthelanguageby addinga new unarypredicateP, andexpandM and
N to M * andN* by puttingPM � � PN� � N (M * andN* areotherwisethesame
asM andN). NotethatN* � M * . Let

ϕ * ��� y1 ������� yn = z1 �����W= zm � Px / Py1 /~������/ Pyn / Pz1 /�������/ Pzm / χ �
and

ψ * � Px / Py1 /�������/ Pyn / Pz1 /�������/ Pzm / ψ �
Thenfor all a
 b1 
������W
 bn  M,

M * � � ϕ * *  a
 b1 
�������
 bn� if f N � � ϕ*  a
 b1 
�������
 bn�
if f N* � � ϕ * *  a
 b1 
�������
 bn�

M * � � ψ *  a
 b1 
�������
 bn� if f N � � ψ  a
 b1 
������W
 bn�
if f N* � � ψ *  a
 b1 
�������
 bn�	�

This impliesthatthepreconditionsof DEXT hold for
�

x� ϕ * 
 ψ * � (andfor an
arbitrarys:VAR 1 N). So

M * � � � x � ϕ * 
 ψ * � if f N* � � � x � ϕ * 
 ψ * ���
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Clearly,

M * � � - x � ϕ * D ϕ �
M * � � - x

-
y1 �����

-
yn � ϕ * * / ψ . ϕ * * / ψ * ���

Therefore,

M � � � x � ϕ 
 ψ �[. M * � � � x � ϕ 
 ψ �
1 M * � � � x � ϕ * 
 ψ � ( � DMON)
. M * � � � x � ϕ * 
 ψ * � (DCONS*,DEQUI)
. N* � � � x � ϕ * 
 ψ * � (DEXT)
. N* � � � x � ϕ 
 ψ � (DEQUI)
. N � � � x � ϕ 
 ψ ���

If. Supposethatany sentenceof the form
�

x � ϕ 
 ψ � , whereϕ is existential
andψ quantifier-free, is preservedunderextensions.(Thesubmodelcaseis
similar.) Let

M � � - x � ϕ D ϕ * �� s���
We treatthesimplecasewherex

� AQV � ϕ �9� AQV � ϕ * ��� � y1 
�������
 yn " and
FV � ϕ ��� FV � ϕ * ��� � x" . (It is possibleto reducethe generalcaseto this
specialcaseby using SubordinateRenamingand a trick of expandingthe
modelby addingnew constants.)Take the languagehaving four predicate
symbolsR, S, T, andU , andlet M1 �

�
M 
 RM1 
 SM1 
 TM1 
 UM1 % , where

RM1 � �'� a
 b1 
�������
 bn %' Mne 1 � s� a! x ��  ϕ � � Ms� a! x
 b1 ! y1 
�������
 bn ! yn �Y"$

SM1 � �'� a
 b1 
�������
 bn %' Mne 1 � s� a! x ��  ϕ * � � M s� a! x
 b1 ! y1 
�������
 bn ! yn �$"Y

TM1 � /0

UM1 � �'� a
 b1 
�������
 bn %' Mne 1 � M � � ψ  s� a! x
 b1 ! y1 
�������
 bn ! yn ���#"$�

WehaveRM1 � SM1. Let N1 �
�
M X � c"$
 RN1 
 SN1 
 TN1 
 UN1 % (c

� M), where

RN1 � RM1 

SN1 � SM1 

TN1 � �

c"$

UN1 � UM1 �

We have M1 � N1. Let

χ ��� y1 �����^� yn = z� R� x
 y1 
�������
 yn �0<b� S� x
 y1 
�������
 yn �0/ T � z�����,�
χ is anexistentialformula.Clearly,
�'�

a
 b1 
������W
 bn %9 Mne 1 � s� a! x ��  χ � � M1
s� a! x
 b1 ! y1 
������W
 bn ! yn �Y"q� RM1 
�9�

a
 b1 
������W
 bn %) Nne 1 � s� a! x ��  χ � � N1
s� a! x
 b1 ! y1 
������W
 bn ! yn �Y"q� SM1 �
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Therefore,

M � � � x � ϕ 
 ψ �� s��. M1 � �
�

x � χ 
 U � x
 y1 
�������
 yn ���� s� (DEXT)
. M1 � �

�
x � χ 
 U � x
 y1 
�������
 yn ���

1 N1 � �
�

x � χ 
 U � x
 y1 
�������
 yn ��� by assumption
. N1 � �

�
x � χ 
 U � x
 y1 
�������
 yn ���� s�

. M � � � x � ϕ * 
 ψ �� s� (DEXT) �
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