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Abstract. I define a generalization of linear indexed grammars that is
equivalent to simple context-free tree grammars in the same way that
linear indexed grammars are equivalent to tree-adjoining grammars.

1 Introduction

The equivalence in string generating power of tree-adjoining grammars, head
grammars, and linear indexed grammars is one of the most celebrated results
in the mathematics of grammar formalisms for natural language [11,27]E| The
title of Joshi et al.’s paper [I1], “The convergence of mildly context-sensitive
grammar formalisms”, referred to this equivalence, but was somewhat misleading
in that the relevant class of string languages—tree-adjoining languages—was
properly included in a larger class, the class of multiple context-free languages,
which has widely been regarded as a formal counterpart of the informal notion
of mild context-sensitivity. In fact, this latter class has also been found to be
characterized by a wide array of different formalisms [S0J3|3T22I202T8I6124].
Elsewhere [12], I have argued that a class of string languages that falls in be-
tween these two classes, namely, the class equivalently captured by well-nested
multiple context-free grammars [13]E| coupled-context-free grammars [10], non-
duplicating macro grammars [25], simple (i.e., linear and non-deleting) context-
free tree grammars [16], and second-order abstract categorial grammars of lex-
icon complexity 3 (see [14]), may be more attractive than the broader class
as a formalization of mild context-sensitivity. I will not repeat the arguments
hereE| but one counterargument might be that this intermediate class (the class

1T exclude combinatory categorial grammars, another formalism that was shown to
be equivalent, from the discussion here, for two reasons. First, the equivalence was
proved with respect to a certain restricted version of combinatory categorial gram-
mars, and is not known to hold for more general combinatory grammars that are
actually used in practice [26]. Second, the definition of that version of combinatory
categorial grammar is mathematically not as natural as the other three formalisms.

2 The same formalism is called well-nested linear context-free rewriting systems by
some people [5].

3 Simple context-free tree grammars are also of interest because of their capacity to
lezicalize tree-adjoining grammars preserving the set of derived trees [19].
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of well-nested multiple context-free languages) does not look as robust as the
other two. The formalisms that capture it are all basically similar—they either
define local sets of derivation trees that are evaluated bottom-up using “linear”
functions (MCFGs and second-order ACGs) or present the same mechanism in a
top-down rewriting perspective (coupled-context-free grammars, non-duplicating
macro grammars, and simple context-free tree grammars). In contrast, at the
level of tree-adjoining languages, linear indexed grammars have non-local (and
non-regular) sets of derivation trees, and at the level of multiple context-free
languages, deterministic tree-walking transducers [31] map trees to strings in a
decidedly non-compositional way.

In this paper, I respond to this qualm by defining a natural generalization
of linear indexed grammars, which generates the class of well-nested multiple
context-free languages. This generalization, which I call arboreal indexed gram-
mars, uses a “stack” attached to nonterminal symbols that stores tuples of trees,
and is equivalent to simple context-free tree grammars in exactly the same way
that linear indexed grammars are equivalent to tree-adjoining grammars (or
more precisely, monadic simple context-free tree grammars [17]), in the follow-
ing sense:

— For any simple context-free tree grammar, there is an arboreal indexed gram-
mar such that the derived trees of the former may be obtained from the
derivation trees of the latter by relabeling of nodes and deletion of some
unary-branching nodes.

— For any arboreal indexed grammar, there is a simple context-free tree gram-
mar whose derived trees are precisely the result of stripping the derivation
trees of the arboreal indexed grammar of the “stack” part of their node
labels.

The formalism of arboreal indexed grammar is closely related to the notion
of Dyck tree language I introduced in [15]. This paper does not use this notion,
however, and is completely self-contained.

Arboreal indexed grammars may be useful for devising new parsing algo-
rithms for well-nested multiple context-free languages.

2 Indexed Grammars and Context-Free Tree Grammars

2.1 Indexed Grammars

An indexed grammar [1/9] is like a context-free grammar except that each oc-
currence of a nonterminal in a derivation tree has a string of indices attached to
it, which acts as a pushdown stack. The stack is passed from a node to each of
its nonterminal children, except that the production applied at that node may
either push a symbol onto the stack or pop its topmost symbol.

A formal definition goes as follows. When B is a nonterminal and y is a string
of indices, we write B[x] for Byx; thus, BJ] is just B. An indexed grammar is a
quintuple G = (N, X, I, P, S), where
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Table 1. Standard interpretation of indexed grammar productions (x € I*).

(TERM) (DIST) (PUSH) (POP)
Al »a | A = Bi]]...Ba[] | Al = BJl] | A[l] = B[]
Alx] Alx] Alx] Allx]

\ T~ \ \
a Bi[x] .-+ Balx Blix] Blx]

1. N and X are finite sets of nonterminals and terminals, respectively,

2. I is a finite set of indices,

3. Se€ N, and

4. P is a finite set of productions, each having one of the following formsEI
Al = a, (TERM)
All = Bif]... Ball, (DIST)
A[] — BJl], (PUSH)
All] — B, (POP)

wherea € ¥ U{e}, n>1, A/ B,By,...,B, € N,and l € I.

A derivation tree of G is a finite labeled tree 7 with node labels from NI* U
X U{e} such that

— each leaf node of 7 is labeled by some a € X' U {¢}, and
— each internal node of 7 is sanctioned by one of the productions of G,

where a node is said to be sanctioned by a production if it and its children are
labeled as depicted in Table [I} For example, for a node to be sanctioned by a
(TERM) production A[] — a, it must be labeled by A[x] for some x € I'*, and
its only child must be labeled by a. An internal node of a derivation tree is called
a (TERM) node, (DIST) node, (PUSH) node, or (POP) node, depending on the
type of production sanctioning it.

When a derivation tree has root label A[y], we call it a derivation tree from
Alx]. A complete derivation tree is a derivation tree from S[]. The language of
G is defined by

L(G) ={y(7) | 7 is a complete derivation tree of G },

where y(7) denotes the yield of 7, the left-to-right concatenation of the labels
of its leaf nodes.

Note that in a derivation tree from A[], each (POP) node must match exactly
one (PUSH) node; a (PUSH) node may have zero, one, or more (POP) nodes
matching it[7]

4 This is actually a normal form for indexed grammars which is more general than the
normal form (“reduced form”) given by Aho [].

® T leave to the reader a formal definition of the intuitively clear notion of a (POP)
node matching a (PUSH) node.
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2.2 Context-Free Tree Grammars

A ranked alphabet is a union A = |,y AM) of disjoint finite sets of symbols. If
f e A then n is the rank of f.

Let X be an (unranked) alphabet and A be a ranked alphabet. We define
the set Tx; 4 of trees over X', A as follows:

L Iffe XUAO® then f €Ty 4.
2. If fe XUAM and ty,...,t, € Ts A (n > 1), then f(ty,...,t,) € Tx A.

The notation Ts; denotes the set of unranked trees over X; thus Ty, = Tx &.

We set aside special symbols x1, x2, . .. called the variables. The set consisting
of the first n variables x1, ..., z, is denoted X,,. The set Tx A(X,) is defined to
be Tx aux, , where AUX,, is the ranked alphabet where symbols in X,, have rank
0. If t[z1,...,20] € Ty .a(Xy) and ¢1,...,t, € Tx A, then tt1,...,¢,] denotes
the result of substituting ¢; for each occurrence of x; in ¢ (i = 1,...,n). Note
that if x; does not occur in t[zy,...,x,], then ¢; is deleted in t[ty,...,¢,], and
if 2; occurs more than once in t[x1, ..., x,], then ¢; is duplicated in t[t1, ..., t,].
A tree t[z1,...,2,] € Ty A(X,,) is called an n-context if each x; occurs exactly
once in it. If t[z1,...,z,] is an n-context, then each ¢; is neither deleted nor
duplicated in t[t1, ..., ts].

We deviate from the standard practice and define context-free tree grammars
using unranked alphabets of terminals. (This makes it easier to relate them to
indexed grammars, but is not essential.) A context-free tree grammar [232] is a
quadruple G = (N, X, P, S), where

L N=U,en N () is a finite ranked alphabet of nonterminals,
2. X is a finite unranked alphabet of terminals,

3. S is a nonterminal of rank 0, and

4. P is a finite set of productions of the form

Ay, ... xn) = [z, ... 2],
where A € N and t[zy,...,2,] € T n(X,).

We say that G is of rank m if the rank of nonterminals of G does not exceed m.

The one-step rewriting relation =-¢ on Tx y is defined as follows: u; =g u2
if there is a l-context u[r;] € Tx n[X1], a nonterminal A € N, a pro-
duction A(z1,...,2,) — t[x1,...,2y], and trees t1,...,%, € Ty n such that
up = ulA(ty,...,t,)] and ug = ult[ty,...,ts]]. The language of a context-free
tree grammar G i

L(G)={teTs | S=t}.

We call elements of L(G) derived trees of G.

We assume that when X' contains a special symbol ¢, it is always used to
label a leaf node and is interpreted as the empty string. The string language of
a context-free tree grammar G is defined to be

{y@®)|teL(@)}
5 This is the OI, as opposed to IO, interpretation of the grammar [2].
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Ezample 1. Here is a very simple example of a context-free tree grammar. Let
G = (N,X,P,S), where

N=NOuN® ={5,C}U{A, B},

E = {a" f’ 9}7

and P consists of the following productions:

S — A(a),
A(z1) — A(9(C,z1)),
A(zq1) — B(z1),
C — a,
B(z1) — 1,
B(x1) — B(f(a,z1,21)).

Some elements of L(G) are:

a?

9(a,a),

9(a, g(a,a)),

f(a,a,a),

f(a,g(a,a), 9(a,a)),

fla, g(a, g(a,a)), g9(a, g(a, a))),

f(a, f(a,a,a), f(a,a,a)),

f(a, f(a,9(a,a), g(a,a)), f(a, g(a, a), g(a, a))),

f(a, f(a,g(a,9(a,a)),9(a,g(a,a))), f(a,g(a, g(a, a)), g(a, g(a, a)))).

A context-free tree grammar is simple if for each production A(z1,...,z,) —

t[z1,...,zy), the right-hand side t[x1,...,z,] is an n-context. Monadic simple

context-free tree grammars, i.e., simple context-free tree grammars of rank 1,
are, inessential details aside, the same as tree-adjoining grammars [17].

2.3 From Context-Free Tree Grammars to Indexed Grammars

In this section, we review Guessarian’s [7] method (in slightly adapted form) of
converting a context-free tree grammar G to an indexed grammar Ind(G) that
generates the same string language.

We refer to a node of a tree by a “Dewey decimal notation” [I§] or “Gorn
address”, which is a string of positive integers separated by dots “.”. If t is a
tree, define the domain of ¢, dom(¢), by

dom(a) = {¢},
dom(f(t1,...,tn)) ={e}U{ip|1<i<n,pedom(t;)}.
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If p € dom(t), the label of the node at p, written lab(¢, p) is defined by

lab(a,€) = a, lab(f(t1,...,tn),e) = f,
lab(f(t1,...,ts),2.p) = lab(t;, p).
Let G = (N, X, P, S) be a context-free tree grammar. Let ¢; be the right-hand
side tree of the ith production in P. Let
N ={S"yu{(i,p) |1 <i<|P|and pe dom(t;)},
I={(i,p) € N'|lab(t;,p) € N }.

Define the indexed grammar Ind(G) = (N/, X, I, P’,S’), where P’ consists of
the following productions:

If the left-hand side of the ith production is S, then P’ contains the produc-
tion
S’ = (4,¢)]]- (DISTy)

— If lab(t;,p) € X and n = max{j | p.j € dom(¢;) }, then P’ contains the
production

(&)l = @ p DI (@ pn)ll. (DISTy)

— If p is a leaf of ; and lab(t;,p) = a € X, then P’ contains the production
(4,p)[] = a. (TERM)

— If lab(¢;,p) = A € N and the left-hand side nonterminal of the jth produc-
tion is A, then P’ contains the production

(&, p)[] = (4, 9)[( p)]; (PUSH)

and the production
(GO p)] — (6, p-k)]] (POP)

for each ¢ € dom(t;) such that lab(¢;, q) = xx.

If 7 is a derivation tree of Ind(G), then let h(7) be the result of removing
all unary-branching nodes sanctioned by (TERM), (DIST,), (PUSH), or (POP)
productions, and then changing the label of each remaining internal node from
(4,p)[x] to lab(t;, p). Clearly, y(7) = y(h(7)). We can prove the following:

Proposition 2. If 7 is a complete derivation tree of Ind(G), then h(7) is a
derived tree of G. Conversely, if t is a derived tree of G, then there exists a
complete derivation tree T of Ind(G) such that t = h(7).

Corollary 3. For every context-free tree grammar G, {y(t) | t € L(G)} =
L(Ind(G)).
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We need two new notions to prove this propositionm For an indexed grammar,
a derivation tree fragment is defined like a derivation tree except that labels
of the form A[y] are allowed on leaf nodes. For a context-free tree grammar
G = (N,X,P,S), we extend the rewriting relation =% to Tyux(X,) in an
obvious way.

Proof (of Proposition [3). Let G” be like Ind(G) except that it has additional
productions

(@ p)[] = (@p-D)]... (i, pn)[] (DISTs)

for all (i,p) € N’ such that lab(¢;,p) € N, where n = max({0} U {j | p.j €
dom(¢;) }). (When n = 0, the right-hand side is ¢.) Extend h to derivation tree
fragments of G”. Call a derivation tree fragment v of G proper if whenever a leaf
node of v has label of form (j, ¢)[x], lab(t;, ¢) is a variable and x = €. Note that
for each (i,p) € N, there is a unique proper derivation tree fragment wv(; ;) of
G" from (i, p)][] that only involves (TERM), (DIST3), and (DIST3) productions.
In v(; ), all internal nodes have empty stack. We write v(; ,,[x] for the proper
derivation tree fragment from (i,p)[x] that results from v; ;) by changing the
stack content of each internal node to x. We prove two claims:

Claim 1. If T is a proper derivation tree fragment from (,¢)[] of G”, then t; =,
h(T).

Claim 2. If t; =¢ wu, then there is a proper derivation tree fragment 7 of G”
from (,¢)[] such that u = h(7).

Claim 1 is proved by induction on the number of (PUSH) nodes of 7. If
7 has no (PUSH) nodes, then it is easy to see that h(r) = t;. Otherwise,
let  be one of the lowest (PUSH) nodes of 7. The nodes r and r.1 have la-
bels of the form (j,p)[x] and (k,¢)[(j,p)x], respectively, where lab(t;,p) = A
and A(zy,...,7,) — tx is a production in P for some n and A € N, Let
T, ..., 7.7y (m > 0) be the highest (POP) nodes among the descendants of
r. For | = 1,...,m, the labels of r.r; and r.r;.1 must be of form (k, ¢;)[(4,p)x]
and (4, p.hi)[x], respectively, for some ¢ € dom(t;) and h; € {1,...,n} such
that lab(tg, q) = zp,. Let 7 be the subtree of 7 rooted at r.r;.1. Since there is
no (PUSH) node in 7q,...,Tm, it is easy to see that for all [,I’ € {1,...,m},
h; = hy implies 7; = 7. For h =1,... n, define

Un — TI if hl = h,
b U(jp.myx] if there is no [ such that hy = h.

Let 7/ be the result of attaching v1,...,v, directly below r in 7, discarding
the subtree rooted at r.1. In 7/, the node r is now sanctioned by a (DISTj3)
production. It is easy to see that 7’ is a proper derivation tree fragment that
has one fewer (PUSH) nodes than 7. By induction hypothesis, t; =¢ h(7’).
The label of the node of h(7’) corresponding to the node r of 7/ is A, and

" Due to space limitations, I had to leave out all proofs in the version of this paper
that was published in the proceedings.
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its immediate subtrees are h(vy),...,h(v,); that is to say, h(7) is of the form
ug[A(h(v1), ..., h(vy,))]. Tt is easy to see that h(7) = ug[tg[h(v1),. .., h(vy)]], so

We prove Claim 2 by induction on the length of derivation t; =¢ u. If
t; = u, then we can take 7 = v(; ). It is easy to see h(v(;)) = t;. Suppose
ti =6 u = uo[A(ur,. .., uy)] and v = ug[tgfur, ..., uy]], where A(z1,...,z,) =
tg[z1,...,xy,] is a production of G. By induction hypothesis, there is a proper
derivation tree fragment 7/ from (i,¢)[] of G” such that h(7’) = «’. Let r be the
node of 7" that corresponds to the node labeled by A of u/. The node r must
have label of form (j, ¢)[x], where lab(¢;,q) = A. Since r corresponds to a node
of «/, r must be sanctioned by a (DIST3) production. If n = 0 (i.e., A has rank
0), then r has just one child, .1, whose label is €. If n > 1, then 7 has n children,

r.1,...,r.n, whose labels are (j,¢.1)[x],- - ., (4, ¢.n)[x], respectively. Let v; be the
subtree of 7/ rooted at r.l. We can easily combine the portion of 7" excluding
the descendants of r, v(; «)[(4,¢)x], and some of vy, ..., v, to form a 7 such that
h(7) = u.

For every proper derivation tree fragment 7 of G”, h(7) € Ty if and only if
7 is a derivation tree of Ind(G). So the proposition follows form Claims 1 and
2. a

Ezxample 4. The result of applying the method to the context-free tree grammar
G of Example[1]is the following indexed grammar Ind(G):

S — (L,e)]
(L)l = Gol1e)] (i=2,3)
(L] —a
(2,9 = (G,9)[(2,¢)] (i=2,3)
(2,1)]] = (2,1.1)[] (2,1.2)]]
(2,1.1)]] = (4,¢)[(2,1.1)]
(2,1.2)[(i,e)] — (5, 1)]] (=1,2)
(3,8l = (4,9)[3,¢)] (i=5,6)
G D[GEe)] = @, 1)] (=12
(4,8)] = a
(5,0)[(i,e)] = (5, 1)[] (i =3,6)
(6,e)[] = (4,9)[(6,¢)] (i =3,6)
(6, 1) — (6,1.1)[] (6,1.2)[] (6,1.3)[]
(6,1.1)] — a
(6,1.2)[(z,e)] = (4,1)[] (i =3,6)
(6,1.3)[(z,¢)] — (4,1)]] (:=3,6

Fig. |1] shows two derivation trees of Ind(G) corresponding to the derived trees
g(a,a) and f(a,g(a,a),g(a,a)) of G.
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S0
\
(1,9)]
\

(2,9)[(1,9)]
[
(3,9)[(2,9)(1, )]

[
(5,9)[(3,)(2,9)(1, )]
[

(3, D[(2,2)(1,€)]

|
2, 1)((1,¢)]
/\
@1D)[(1Le)]  (2.1.2)[(1,e)]
| |
@92 1)L (L]
| |

s
(1,‘5)[]
(2, 6)[‘(17 o)l
3, 6)[(2J e)(1, )]
(6,2)[(3, E)‘(2> e)(1,¢)]
(5,2)[(6, E)(3,‘ €)(2,6)(1,¢)]

[
(6, 1)[(3,2)(2,€)(1, )]

B
(6,1.)[(3,)(2,¢)(1,2)] (6,1.2)[(3,)(2,¢)(1, )] (6,1.3)[(3,)(2,¢)(1,2)]
\ \ \

a B )[(2.e)(1,2)] B, )[(2.)(1,2)]
| |
2, 1)((1, )] 2, 1)((1, )]
/\ /\

@119 (2121 (1D (2.1.2)[1,e)
| | | |
@9l 1)l (L] @9l 1] (L]
| | | |

a a a a

Fig. 1. Derivation trees of an indexed grammar obtained from a context-free tree gram-
mar.
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Table 2. Interpretation of linear indexed grammar productions (x € I™*).

(TERM) (DIST’) (PUSH) (POP)
Al = a | A[oo] = Bi[]... Bi—1]] Bi[00] Bit+1]] ... Bn[] | Aleo] — Blloo] | Alloo] — BJoo]
All Alx] Alx] Alix]
T | \
a Bi] -+ Biall Bilx] Biyall -+ Ball Blix] BIx]

3 Linear Indexed Grammars and an Alternative
Conception of Indexed Grammars

3.1 Linear Indexed Grammars

Gazdar [4] introduced linear indexed gmmmarsﬁ which are a variant of indexed
grammars where the stack attached to an internal node is passed to ezxactly
one of its children, except when the stack is empty, in which case it may be a
(TERM) node. A linear indexed grammar is a quintuple G = (N, X, I, P, S) just
like a?!_ﬂ indexed grammar except that each production takes one of the following
forms

Al = a, (TERM)
A[OO] — Bl H e Bifl[] Bi[OO] Bi+1[] e Bn H, (DIST/)
Aloo] — Blloo], (PUSH)

Alloo] — Bloo], (POP)

where A, B, By,...,B, € Nyn> 1,1 € I,a € ¥ U {e}. The expression oo serves
as a variable ranging over the strings of indices and serves to indicate which of
the children of a node the stack gets passed to. In linear indexed grammars, an
occurrence of “[]” in a production indicates empty stack, rather than a variable
stack, as in the case of indexed grammars. Thus, a (TERM) production can
only sanction a node with empty stack, and all but one of the children of a
node sanctioned by a (DIST’) production must have empty stack. The (PUSH)
and (POP) productions are interpreted exactly like the productions of indexed
grammars of the same name, except for the notation. See Table

The definition of the language generated by a grammar is as before:
L(G) ={y(7) | 7 is a complete derivation tree of G }.

8 “Linear indexed grammar” seems to be a coinage of Vijay-Shanker [29].

9 Again, this is a normal form for linear indexed grammars, which we adopt here for
convenience. Note that some authors, e.g., [27], place the top of the stack at the
right end, contrary to the original convention of Aho [I].
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Table 3. Bottom-up interpretation of indexed grammar productions (x, X1,--.,Xn €
I*). In (DIST), X1, - ., X» must be pairwise compatible, and i = argmax; |x;|-

(TERM) (DIST) (PUSH) (POP)
Al—=a | Al=Bi[...B.]] | A= B[] |Al— B]
Af] Alxi] Alx] or A[l | Aflx]
| T | | |
a Bi[xa] --+ Bnl[xn] | Blix] Bl Blx]

3.2 A Bottom-Up Conception of Indexed Grammar Derivation
Trees

Because of the difference in how the stack works in linear indexed grammars,
a derivation tree of a linear indexed grammar is often not a possible derivation
tree of an indexed grammar. However, there is an alternative view of indexed
grammars that brings the two formalisms closer together.

Note that the labels of nodes in a derivation tree of a linear indexed gram-
mar may be determined both top-down and bottom-up; once you know which
production an internal node is sanctioned by, knowing its label uniquely deter-
mines its children’s labels, and vice versa. Derivation trees of indexed grammars
are deterministic only in the top-down direction, because when an internal node
is sanctioned by a (TERM) production, the label of its unique child does not
determine the stack portion of its label.

We can, however, adopt an alternative interpretation of indexed grammar
productions and construct derivation trees bottom-up. With this alternative con-
ception, (TERM) productions of an indexed grammar are interpreted in exactly
the same way as in linear indexed grammars: they sanction a node only when
its stack is empty. (POP) productions are interpreted in the same way as before,
but (DIST) and (PUSH) productions are reinterpreted, as indicated in Table
(we call two strings compatible if one of them is a prefix of the other). Note that
there are two ways in which a node may be sanctioned by a (PUSH) production;
the second case is for a (PUSH) node with no matching (POP) node.

Ezample 5. Fig. [2]shows the same derivation trees in Fig. [[]relabeled in the new
bottom-up way.

Indexed grammar derivation trees in the new sense correspond one-to-one
with derivation trees in the original sense. The derivation trees under the two
conceptions differ only in the stack portion of the labels of internal nodes, and
they give rise to the same notion of the generated language. Let us adopt this
new, bottom-up conception from now on, since it allows us to view derivation
trees of linear indexed grammars as derivation trees of indexed grammars of a
special kind.

Let G be a linear indexed grammar, and let G’ be the indexed grammar that
is the result of erasing all occurrences of oo from productions of G. Then every
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S S
| |
(1,9 (1.9
| |
(2,9)((1,9)] (2,9)[(1,9)]
| |
(3,9)[(2,9)(1,2)] (3,9)[(2,9)(1,2)]
| |
(5,9)[(3,)(2, £)(1, ¢)] (6,9)[(3,9)(2,2)(1, ¢)]
| |
(3, )[(2,)(1,¢)] (5,)[(6,2)(3,)(2,)(1, 2)]
| |
2, 1)[(1,2)] 6, 1)[(3,2)(2.2)(1, )]
— T -
@1D] @121 (61D (6,1.2)[(3,9)(2)1,0)]  (6,1.3)[(3,6)(2,¢)(1,2)]
\ \ \ \ \
@a)  anp a (3. )[(2,2)(1,2)] (3. )[(2,2)(1, )]
| | | |
a a (2,1)[(1,2)] 2,1)[(1,9)]
/\ /\
@10] (212[1Le)] (2 1D] (2,1.2)[1,e)]
| | | |
@al  anp @al  anp
\ \ \ \

Fig. 2. Derivation trees of an indexed grammar under the bottom-up conception.

derivation tree of G (from A[] for some nonterminal A) is a derivation tree of G’
in which each (PUSH) node has exactly one matching (POP) node.

3.3 Monadic Indexed Grammars

Suppose we apply the method of Guessarian [7] reviewed in Section to a
monadic simple context-free tree grammar G. The resulting indexed grammar
Ind(G) is very close to a linear indexed grammar. (For example, the grammar
consisting of the first five productions of the grammar in Example[I]is a monadic
simple context-free tree grammar, and the productions of the corresponding in-
dexed grammar are the first 11 lines of the grammar in Example 4} with ¢ # 6.)
In any complete derivation tree of Ind(G), every (PUSH) node has at most one
matching (POP) node. More precisely, a (PUSH) node has no matching (POP)
node when the (PUSH) production sanctioning it is related to a nonterminal of
G of rank 0; it has exactly one matching (POP) node when the production is
related to a nonterminal of rank 1. Actually, it is easy to modify Guessarian’s
method and convert a monadic simple context-free tree grammar into a linear in-
dexed grammar, instead of an indexed grammarm However, the kind of indexed
grammar that Ind(G) exemplifies is interesting in its own right.

Let us call a derivation tree of an indexed grammar monadic if every (PUSH)
node in it has at most one matching (POP) node. If G is an indexed grammar,

10 A variant of this modification is given by Vijay-Shanker and Weir [28] for tree-
adjoining grammars.
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let us write D(G) for the set of complete derivation trees of G and D;(G) for
the set of monadic complete derivation trees of G. Define

Li(G) ={y(7) | T € D:(G) }.
(Recall L(G) = {y(r) | € D(G) }.) We can prove the following:

Proposition 6. For every indexed grammar G, there is a linear indexed gram-

mar G' such that L1(G) = L(G’).

Proof. Let G = (N,X,I,P,S) be an indexed grammar. Let G =
(N',X,1,P’,S) be a linear indexed grammar where

N' =NU{A |AeN},

and P’ consists of the following productions:

— productions
Afoo] = A'[oo],  A'lloc] = A'[od]
foreach A€ N and [l € I,
— production
Al = a
for each (TERM) production A[] — a in P,
— productions

Aloo] = B1]... Bi—1[] Bi[00] Bit1[] . .. Bl

for each (DIST) production A[] — By[]...Bp[] in P and i =1,...,n, and
— all (PUSH) and (POP) productions in P (with oo inserted on both sides).

It is easy to see that the derivation trees of G’ are just monadic derivation trees
of G with additional unary-branching nodes above some (TERM) nodes. O

Proposition 7. For every linear indexed grammar G, there is an indexed gram-
mar G’ such that L(G) = L1(G') = L(G").

Proof. Let G = (N, X1, P,S) be a linear indexed grammar. Define an indexed
grammar G' = (N', X, I', P’, S") as follows:

- N =NU{A|AeN}U{A"|Ae N}

— I' =TU{b}, where b is a new index.

— P’ consists of the following productions:
e productions

Al = Afpl, A — A"]]

for each A € N,
e production
A"l = a

for each (TERM) production A[] — a in P,
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Table 4. Interpretation of monadic indexed grammar productions (x € I*,1 < ¢ < n).

(TERM) (DIST) (PUSH) (POP)
Al > a Al = Bi[]... Ba] A = Bll] | A[l] = B[
Al Alx] Alx] or Afl | Al
\ T | | |
a Bil] -+ Bicall Bilx] Bixall -+ Ball | Blix] B[] B[x]

e production
All = Bi[]... Bi1[| Bi| Bill- .- B[l

n
for each (DIST’) production Afoo] — B[] ... B;_1[] Bi[oo] Bix1]] - - - Bal]
in P, and
e all (PUSH) and (POP) productions in P (with oo removed).

The new index b serves as a bottom-of-stack marker. In order to apply (TERM)
productions, b must be popped from the stack, which forces every (PUSH) node
to have a matching (POP) node. Since b can only be at the bottom of the stack
in a bottom-up constructed derivation tree, the stack attached to a nonterminal
of the form A’ is always empty. This ensures that D1(G’) = D(G’), and that
D(G') corresponds one-to-one with the complete derivation trees of G. O

Consider an indexed grammar G together with D;(G) and L;(G). This can
be thought of as another variant of indexed grammar where (DIST) production
A[] = Bi]] ... By]] sanctions a node only if all but one of its children has empty
stack. Let us call an indexed grammar with this interpretation a monadic indexed
grammar. (See Table[d]) The indexed grammar obtained from a monadic simple
context-free tree grammar by Guessarian’s method can be regarded equivalently
as a monadic indexed grammar. As Propositions[6] and [7] show, monadic indexed
grammars are equivalent to linear indexed grammars, and the derivation trees
of the two formalisms are also almost identical.

Vijay-Shanker and Weir [27] give a method of converting a linear indexed
grammar to an equivalent head grammar. Combined with a conversion from
head grammars to tree-adjoining grammars, it gives a method of converting a
linear indexed grammar into a tree-adjoining grammar that generates the same
string language. This result can be strengthened. For a (linear/monadic/general)
indexed grammar G, let us call the result 7 of erasing all indices from a (com-
plete) derivation tree 7 of G a stripped (complete) derivation tree. We can easily
turn Vijay-Shanker and Weir’s method into one that establishes the following:

Proposition 8. For every linear or monadic indexed grammar G, there is a
monadic simple context-free tree grammar G’ that generates the set of all stripped
complete derivation trees of G.

I use monadic indexed grammars, rather than linear indexed grammars, as
the point of departure for my generalization of linear indexed grammars. This is
not strictly necessary, but will greatly simplify the definition of the generalized
formalism.
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4 Arboreal Indexed Grammars

Given Proposition [8] an obvious variant of indexed grammars corresponding to
simple context-free tree grammars of rank m suggests itself: indexed grammars
interpreted in such a way that all (PUSH) nodes must have at most m matching
(POP) nodes.

4.1 From m-adic Indexed Grammars to Simple Context-Free Tree
Grammars of Rank m

Let us call a derivation tree fragment of an indexed grammar m-adic if each
(PUSH) node in it has at most m matching (POP) nodes. Write D,,(G) for
the set of m-adic complete derivation trees of an indexed grammar G, and let
L, (G) ={y(1) |7 € Din(G) }. It is easy to check the following:

Proposition 9. If G is a simple context-free tree grammar of rank m, then
D(Ind(G)) = D, (Ind(@)), and consequently, L(Ind(G)) = L., (Ind(G)).

I now present a generalization of the construction underlying Proposition
Consider an indexed grammar G. A path in a derivation tree fragment of G is a
sequence of nodes, always passing from a parent node to one of its children. We
say that a path p is clean if every (PUSH) node on p is matched by a (POP)
node on p.

Lemma 10. If a (POP) node matches a (PUSH) node in a derivation tree frag-
ment, the path from the child of the (PUSH) node to the (POP) node is a clean
path.

Lemma 11. Let 7 be a derivation tree fragment from A[] such that y(r) =
wo Bi[Jwy ... By[Jwy, for some wo,...,w, € X* and for every i =1,...,n, the
path p; from the root to the leaf node labeled by B;[] is a clean path. Let 7' be the
result of changing the label of each node on p1,. .., pyn from Clx] to C[xl]. Then
7' is a derivation tree fragment from A[l] with y(7') = wo Bi[l]wy . .. By[l] wy,.

Let m > 1. Given an indexed grammar G = (N, X, I, P, S), define a simple
context-free tree grammar CFT{ (G) = (N, X', P, (S)) where

NR) {{(AB;...By) | A,By,...,Bx € N} if k<m,
1% otherwise,

X' =XYU{e}UN,
and P’ consists of the following productions:
(A) If A] = a is a (TERM) production in P, P’ contains the production

(A) = A(a).
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(B) For each nonterminal A € N, P’ contains the production
<AA (.Tl) — I1.

'if A[] = C4]...Ch[] is a (DIST)

(C) For each nonterminal (ABj ... DBy) €
-+ <k, = k, then P’ contains the production

productionin Pand 0 < k; < -

<AB1 .. .Bk>((E1, - ,l'k) —
A(<ClBl e Bk1>($1, e ,xkl), ey <Cann_1+1 ‘e Bkn>(wkn,—1+17 . ~;5Ukn))~

D) For each nonterminal (AB;...By) € N’  if A[] — C[l] is a (PUSH) pro-

(D) ( : P
duction in P, Di[l] — Eu[],...,Dy,[l] = E,]| are (POP) productions in P
(0<n<m),and 0 < ky <--- <k, =k, then P’ contains the production

<ABl R Bk>($1, R ,l‘k) —
A(<CD1 - Dn>(D1(<ElBl v Bk1>($1, v ,Jikl)),

Dn(<ETLBkn71+1 s Bkn>($kn—1+17 s ’xkn))))
(When n = 0, this production is (4) — A((C)).)

Lemma 12. Let (ABj...By) be a nonterminal of CFT{(G). For every
tlxy, ...,z € Tourayun[Xel, the following are equivalent:

(i) (ABy...Bg)(x1,...,2k) é*CFT;’;)(G) tze, ...,z
(ii) There is an m-adic derivation tree fragment T of G such that
— t[By,...,By] =T,
— the root of T is labeled by A[],
— y(1) = wo By[Jws ... B[] wg for some wp,ws, ..., wx € X*, and
— foreachi=1,...,k, the path from the root of T to the leaf node labeled
by B;[] is a clean path.

Proof. (i) = (ii). Induction on the length of the derivation
(ABy ...Bi)(z1,...,x5) :>EFT$(G) tze, ...,z

Case 1. The first production applied in the derivation is an (A) production.
Then k = 0 and t[z1, ..., zx] is of the form A(a). Then we can take the following
derivation tree as T:

All

a

Case 2. The first production applied in the derivation is a (B) production.
Then k =1 and B; = A. We can simply take the one-node tree Af] as 7.

Case 3. The first production applied in the derivation is a (C) production.
Then t[z1,...,z;] must be of form A(t1[x1,..., 2k ], s tulr, -1+ 1, ..., 2k, ]),
where for i =1,...,n,

<C7:Bk3'i—1+1 s Bki>(xki—1+1’ s 71“1%) :>6FT;T£)(G) ti[mkwl-‘rh s ’xki]'
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(We let kg = 0.) By induction hypothesis, there is a derivation tree fragment

7; of G satisfying the required properties with respect to ¢;[zk;_,+1,--.,Tk;]; in
particular, 7; = ¢;[Bg,_,+1,- .-, Bk,]. We can take the following tree as 7:
Al
/\
Ch H T Cn[] (Jf)

Case 4. The first production applied in the derivation
is a (D) production. Then t[zy,...,2¢] must be of form
A(’U,[Dl(tl [3?1, . ,.’L‘kl]), N ,Dn(tn[.’lﬁkn71+1, ey mk"])]), wherﬂ

(CDy...Dp)(x1,...,2p) ééFTg’;(G} u[z1, ..., Ty
and fori=1,...,n,
<Eini—1+1 s Bki>(m17 s 7‘rk7i*k7i—l) :>*CFT;’£;(G) ti[xh s 7xki*ki—1}'
(We let ko = 0.) By induction hypothesis, there are
derivation  tree fragments wv,7y,...,7,, of G  corresponding to
ulzy, .. xp), tiEn, - Thy ]y s ERlT1, - T, —k, ). Apply Lemma to

v to obtain a derivation tree fragment v’ with root label A[l] and yield of the
form woD1[lw; ... Dyp[lJw,. We can take the following tree as 7:

All
|
o]
Dill] --- Dy[l] (1)
| |
Eq] E,]

(ii) = (i). Induction on the size of 7.

Case 1. T consists of a single node A[]. Then k =1, By = A, and 7 = A. We
can take t[x1] = 2.

Case 2. The root node of 7 is sanctioned by a (TERM) production A[] — a.
Then k = 0. We can take t = A(a).

" This depends on the fact that CFTZ:(G) is a simple context-free tree grammar.
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Case 8. The root node of 7 is sanctioned by a (DIST) production A[] —
C4[]...Cy[]- Then 7 has the form () shown above. Let h; be the number of leaf
nodes of 7; labeled by some B;[]. Let k; = hi+- - -+h;. We can apply induction hy-

pothesis to 7; and obtain a derivation (C; By, _,+1 ... Bg,)(z1,...,Zh,) :>’(‘3FTM(G)
sp

ti[z1,...,xp,] such that 7 = [Bg,_,+1,---,Br]. Let tzy,...,25] =

A1, Thy )y e s tn[Thy 141y -+ Tk, ) Then t[Bi,..., B =

A(t1[B1,.., Brl,-- s tn[Bk, 14+15---,Br,]) = A(A,...,7n) = 7, and we
have

<ABl e Bk>($1, . ,xk)
:>CFT;’}§(G) A(<01B1 C Bk1>(a:1, B ,xk.l), ey <Cann71+1 - Bkn>(xkn71+17 - ,l‘kn))
:EFT:;(G) A(tl [.’L’l, ey kl], e 7tn[]}kn71+17 . ,.CL']C”]).

Case 4. The root node of 7 is sanctioned by a (PUSH) production A[] — C[l].
Let n be the number of (POP) nodes that match the root node of 7. Since 7 is
m~adic, we have n < m.

Case 4a. n = 0. Then 7 has no clean path starting from the root node, so
k = 0. Let 71 be the subtree of 7 rooted at node 1. We can apply the induction
hypothesis to 71 and obtain a tree ¢; such that (B) :>*CFT$(G) t1 and t; = 7.

Let t = A(t1). Then 7 =t and we have
(A) =Crrm () AUB))
=orrm(a) Alt) = t.
Case 4b.n > 1. Let r1,...,7, be the (POP) nodes that match the root node
of 7. Then the path p; from the node 1 to each r; is a clean path. Let D;[l] — E;]
be the (POP) production sanctioning 7;. Then 7 has the form shown above.

The stack content of every node on the path p; is of the form xl. Let v be the
result of changing the label of each node on py,...,p, from C[x!] to C[x]. We

can apply induction hypothesis to v, 7y, ..., 7, and obtain derivations
(CDy...Dp)(x1,...,20) éEFT;’;(G) [Ty, ..., T,
(E1By...Bp))(z1, ..., 2h,) éEFT;,;(G) tix1, ..., Thy,
(EnBi,41---Er Y(x1,...,28,) jéFT;’;(G) tolz1, ... 2h,),
where h, =k, — knp—1, such that 0 = «w[Fy,...,E,] and for
]. Let tlxy,...,zx] =

each ¢« = 1,....n, 75 = [Bg,_,+1,---,DBr,
A(U[Dl(t1 [ml, . 7xk1])7 N ,Dn(tn[ib‘kn71+1, ey xkn])]) Then 7 = t[Bl, ey Bk]
and we have

<ABl ce Bk.>(3}1, ce ,xk)

:CFT;?}(G) A(<CD1 . Dn>(D1(<ElBl . Bk1>(l’1, . 7.’Ek1)),

Dn((EwBy, 41+ Br, ) (Tk, 41, -+, Tk, ))))
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:>EFT;’;(G) A(u[Dl (tl[xh s xlﬁ])’ R Dn(t"['rknfl"l‘l’ s 7xknD])

=tlx1,...,zL]. O

Theorem 13. For every indexed grammar G, L(CFTZ(G)) = {7 | 7 €
Din(G) }-

Let us call indexed grammars with the restriction to m-adic complete deriva-
tion trees m-adic indexed grammars. Proposition [0] and Theorem [I3] establish
the equivalence between m-adic indexed grammars and simple context-free tree
grammars of rank m.

4.2 Storing Tuples of Trees in the Stack

Our job is not done yet. The notion of an m-adic indexed grammar has not been
defined in terms of how the productions are interpreted. In the case of monadic
indexed grammars, the restriction on the way a (DIST) production may sanction
a node carved out precisely the set of monadic derivation trees. We cannot obtain
the m-adic derivation trees in a similar way, for m > 2.

In order to express the restriction to m-adic derivation trees, we have to
somehow record at each node the number of (POP) nodes below the node that
are to match a given (PUSH) node above the node. This means that a (PUSH)
production should push k copies of the same index (k < m) onto the stack,
and a (DIST) production should distribute different copies of the same index to
(possibly) different children.

Such stack actions cannot be realized with strings of indices acting as push-
down storage. The most natural solution is to store a tuple of trees, rather than
a string, in the stack. We only need to store a tuple of trees si, ..., s with very
special properties. First, all the nodes of s1,...,s; of the same level (i.e., at
the same distance from the root) must have the same label. Second, for m-adic
indexed grammars, the number of nodes of s1, ..., s; of the same level may not
exceed m. (This implies that the trees are at most m-branching; it does not
imply that the number of leaves is bounded.) The number of components of the
tuple may vary from node to node, but of course cannot exceed m. Let us call
such a tuple of trees m-limited.

We consider trees in which each leaf node has a label from X U {e} and
each internal node has a label of the form A[sq,...,sk], where s1,..., s is an
m-limited tuple of trees over I. Such trees may be sanctioned by productions of
an indexed grammar as indicated in Table [5], in which case we call them m-adic
arboreal derivation trees.

If s1,...,s; is an m-limited tuple of trees over I, all the paths in sq,..., sy
starting from the root and ending in some leaf node give mutually compatible
strings of indices. Let 31,..., 8% be the string given by a maximal path. If v is
an m-adic arboreal derivation tree of an indexed grammar G, let T be the result
of changing each label C[sy,...,s;] in v to C[s1,---,3k). Then T is always an
ordinary derivation tree. It is easy to see the following:
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Table 5. Interpretation of m-adic arboreal indexed grammar productions. Here, o and
o; range over (m-limited) tuples of trees over I. When o is empty, [(o) stands for I.

The concatenation of tuples o1, ...,0, is written as o1 ...0n.
(TERM) (DIST) (PUSH) (POP)
Al = a | Al = Bi]]... B4 All = B[] All] = BJ]
Al Alor...on] Aloi ..oy (k<m)| Al(o)]
| Py | |
a Bilo1] -+ Balon] | Bll(o1),...,l(ok)] Bjo]
s
|
(1,‘6)[]
(275)[15; 15]

[
(37 E) [25(15)7 25(15)]
[
(6,€)[3:(2: (1<), 3 (2: (1))]
[
(5,2)[6: (3= (2 (1)), 3= (2 (1¢)))]
[

(6,1)[3¢(2:(1¢)); 3 (22 (1¢))]

(6, 1.1)[] (6,1.2)[3:(2:(1:))]  (6,1.3)[3c(2:(1e))]
\ \ \

a (3, 1)[2:(1.)] (3, 1)[2:(10)]
| |
2, 1)[1.] (2, 1)[1.]

/\ /\

2,11 (2, 1.2)[1] 2 1D] (2 1.2)[L]
| | | |

@l @l @l @[

\ \ \ \

Fig. 3. An example of a 2-adic arboreal derivation tree.

Lemma 14. Let G be an indexed grammar. An (ordinary) derivation tree T of
G is m-adic if and only if there is an m-adic arboreal derivation tree v of G
such that T =1.

Ezample 15. The second derivation tree in Fig. 2] was 2-adic. The 2-adic arboreal
derivation tree corresponding to it is shown in Fig.|3] where we abbreviate indices
(i,p) by ip.

We call an indexed grammar together with the interpretation of productions
given in Table [5| an m-adic arboreal indexed grammar. We have established the
following:

Theorem 16. (i) For every m-adic arboreal indexed grammar G, there is a

simple context-free tree grammar G’ of rank m such that the derived trees of
G’ are precisely the stripped complete derivation trees of G.
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(ii) For every simple context-free tree grammar G' of rank m, there is an m-adic

arboreal indexed grammar G such that the derived trees of G' are obtained
from the stripped complete derivation trees of G by deleting some unary-
branching nodes.

Corollary 17. Simple context-free tree grammars of rank m and m-adic arbo-
real indexed grammars are equivalent in string-generating power.
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