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Introduction

Linguistics and Mathematics

I Chomsky (2004)
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Introduction

The origin of mildly context sensitive languages

I Joshi (1985)
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Introduction

The convergences

MCTAG = MCFG = HR
= OUT (DTWT )
= yDTfc(REGT ) = LUSCG = MG
= λ-CFLlin(4) = λ-CFLlin =
IOsp = OIsp

MCFGwn = IOnd = OInd

= CCFG = λ-CFLlin(3)

TAG = LIG = CCG = HG
2−MCFGwn

CFL = 1−MCFL = λ-CFLlin(2)
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MCFL robustness: higher-order linear context-free languages

IO and OI and MCFL

Macro languages: generalizing context free languages

I Fischer (1968)
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MCFL robustness: higher-order linear context-free languages

IO and OI and MCFL

IO vs. OI
S → F (G )
F (x)→ x#x#x
G → aGbG
G → ε

IO S

LIO(S) = {w#w#w | w ∈ D∗1}

OI S

LOI (S) = {w1#w2#w3 | w ∈ D∗1}

Theorem (Fischer 1968)

I LIO and LOI are incomparable.

I LOI = Indexed languages.

I IO and OI coincide for non-duplicating grammars.
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IO and OI hierarchy and MCFL

Going higher-order: string as λ-terms

Free monoid ∼= monoid of uninterpreted functions of type o → o

I aba ∼= λxo .a(b(a xo))

I w1 · w2
∼= /w1/+ /w2/ = λxo ./w1/(/w2/x

o)

I ε = λxo .xo
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Going higher-order: IO and OI hierarchy

S → G(λfx .f (f x))A
G → λhl .G(λf .h(hf ))(hl)
G → λhl .hl
A→ a
A→ b

IO S

LIO(S) = {/a2
n(n+1)

2 / | n > 0} ∪ {/b2
n(n+1)

2 / | n > 0}

OI λx .a(b(b(a(a(a(b(bx)))))))

LOI (S) = {/w/ ∈ {a; b}∗ | |w | = 2
n(n+1)

2 ∧ n > 0}

Theorem (Damm 1982)

I the expressive power of IO and OI grammars increase strictly with the order,

I IO and OI give rise to incomparable hierarchies,

I non-duplicating (non-deleting) IO and OI grammars define the same languages.
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MCFG and Higher Order Grammars

MCFL robustness: higher-order linear context-free languages

IO and OI hierarchy and MCFL

IO, OI and MCFL: tuples of strings as λ-terms

(ab, cd)

λt.t(λz .a(b z))(λz .c(d z))
/ab/ /cd/
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MCFL robustness: higher-order linear context-free languages

IO and OI hierarchy and MCFL

Representing MCFG rules as level 3 IO and OI grammar

The rule P(x1y1, x2y2)← Q(x1, x2), R(y1, y2):

P → λt.Q(λx1x2.R(λy1y2.t(λz.x1(y1 z))(λz.x2(y2 z))))︸ ︷︷ ︸
M

Q
∗→ λt.t(λz.a(b z))(λz.c(d z))

R
∗→ λt.t(λz.e(f z))(λz.g(h z))

Q ≈ (/ab/, /cd/)
R ≈ (/ef /, /gh/)

M[Q ← (/ab/, /cd/),R ← (/ef /./gh/)] ≈ (/abef /, /cdgh/)
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MCFL robustness: higher-order linear context-free languages

IO and OI hierarchy and MCFL

The ingredients for being inside MCFL

I context-freeness

I non-copyings operations

I operation derived from the free monoid
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Machines recognizing MCFL

Recognition power of higher-order pushown automata

I Damm, Goerdt (1986), Knapik, Niwinski, Urzyczyn,
Walukiewicz (2005)

level n PDA languages = level n safe OI languages
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The safety condition

(λx .M)N →β M[x ← N]

(λy .M′)[x ← N] = λy .(M[x ← N]) if y /∈ FV (N)

I Blum, Ong (2009)

Theorem
When a term is safe, it can be reduced without renaming variables.

Theorem
The simply typed safe λ-calculus is strictly less expressive than the simply typed
λ-calculus.

Problems
I Is the safe linear λ-calculus strictly less expressive than the linear λ-calculus?

I safe non-duplicating IO/OI languages
?
= non-duplicating IO/OI languages
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The Krivine machine

I Krivine (198?/2006)

〈M, σ,S〉

I M is the term evaluated

I σ is the substitution providing values to the free variables of M

I S is the stack of arguments of M

〈λx .M, σ, (N, τ) :: S〉 → 〈M, (x ,N, τ) :: σ,S〉
〈(MN), σ,S〉 → 〈M, σ, (N, σ) :: S〉
〈x , σ,S〉 → 〈M, τ,S〉 if σ(x) = (M, τ)
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MCFL: the missing link?

I Chomsky (2004)
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