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Introduction



Grammatical Inference

• Algorithmic Learning of Formal Languages

• Mathematical Model of
Natural Language Acquisition

• Grammar Extraction from Untagged Corpora 

• Biological Sequences

• A single algorithm learns a rich class of languages
 under a plausible learning scheme



Distributional Learning

• Language Restriction ⇒ Learning

• Learning Substitutable CFLs from Positive Examples
 (Clark and Eyraud  ALT’05, JMLR’07)

• x1y1z1, x1y2z1, x2y1z2 ! L ⇒ x2y2z2 ! L

"x1,z1#!y1, "x1,z1#!y2, "x2,z2#!y1 ! L ⇒ "x2,z2#!y2 ! L

• No Grammatical Characterization

• Grammatical Restriction ⇒ Learning



Distributional Learning

• Context-Deterministic CFGs
(Shirakawa & Yokomori ’93)

• k,l-Substitutable CFLs (Yoshinaka’08)

• Probabilistic Learning of Unambiguous
 (k,l-)NTS Languages (Clark’06, Luque’10)

• New Formalisms, Learning with Queries
 (Clark et al.’08, Clark’09)

• etc



This Talk

• Three Efficiently Learnable Subclasses of MCFLs

• Multidimensionally Substitutable MCFLs (Yoshinaka ’09)

• Substitutable CFLs (Clark and Eyraud ’05, ’07)

• Congruential MCFLs (Yoshinaka & Clark ’10)

• Congruential CFLs (Clark ’10)

• MCFLs with Minimum Context-Property (Yoshinaka ’10)

• Binary Feature Grammar (Clark et al. ’08)



Multiple Context-Free Grammars

- Notation -



Multiple CFGs

• G = ( N, Σ, F, P, I )

• N: nonterminal symbols assigned a positive integer, 
called dimension

• Σ: terminal symbols

• F: functions 

• P: production rules

• I ⊆ N: start symbols

• dim(S)=1 for all Start symbols S ∈ I,



Rules

• A ← f(B1,...,Bn) where f(z1,...,zn) = "t1,...,tdim(A)#,
 zi = "zi,1,...,zi,dim(Bi)#, tk ∈ (Σ∪{zi,j | 1≦i≦n, 1≦j≦dim(Bi)})*

• wi ∈ L(G,Bi) for i=1,...,n  ⇒  f(w1,...,wn) ∈ L(G,A)

• L(G) = $ L(G,S) : S start symbols



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

Example



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

" a ,  c #

Example

A



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

Example

" a ,  c #" aa ,  cc #

AA ← g(A)A



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

" aa ,  cc #

Example

" a ,  c #

A

" aaa ,  ccc #

A A ← g(A) A ← g(A)A



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

" aa ,  cc #

Example

" a ,  c #

A

" aaa ,  ccc #

A A ← g(A) A ← g(A)A

• L(G, A) = { "am, cm# | m > 0 }
L(G, B) = { "bn, dn# | n > 0 }



Example
• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

A

" aaa , ccc #

&
B

" bb ,  dd #

S ← f(A,B)S

" aaabbcccdd #

• L(G, A) = { "am, cm# | m > 0 }
L(G, B) = { "bn, dn# | n > 0 }
L(G) = L(G, S) = { "am bn cm dn# | m, n > 0 }



Example
• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
%2: A ← "a, c#,     %3: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%4: B ← "b, d#,     %5: B ← h(B) with h("y1,y2#) = "y1b, y2d#.

A

" aaa , ccc #

&
B

" bb ,  dd #

S ← f(A,B)S

" aaabbcccdd #

• Derivation Tree for aaabbcccdd: 

%1

%3 %5

%3

%2

%4



Non-Erasing & Non-Permuting

" v1, v2, v3 #

�
〈 ..., ...v1...v2..., ...v3..., ... 〉

• f(z1,...,zn) = "t1,...,tdim(A)#

• Non-Erasing:
 Each variable zi,j occurs just once in t1,...,tdim(A)

• Non-Permuting:
  Variables zi,1,...,zi,dim(Bi) occur in this order in t1,...,tdim(A)

�



Hierarchy of p,q-MCFLs
• p: the maximum of dim(A) for nonterminals A

(CFG: p = 1)

• q: maximum number of nonterminals on rhs of rules

• p-MCFL(q) & p-MCFL(q+1)
p-MCFL(q) & (p+1)-MCFL(q)

• the inclusion is proper except:
1-MCFL(2) = 1-MCFL(q) for all q > 2  (CFLs)
2-MCFL(2) = 2-MCFL(3)

A

u1,u2,u3,...,u≦p

A ← f(B1,B2,...,B≦q)



Notations

• w = u0v1u1...vmum = "u0_u1_..._um# ! "v1, ..., vm# = u ! v

• Multi-context: tuple of strings u = "u0_u1_..._um#

• Multi-word:    tuple of strings  v = "v1, v2, ..., vm#

• L0/v = { u | u ! v ∈ L0 }

e.g.  a*b*c*/"ab, cc# = "a*_b*c*_c*# 



Multidimensionally Substitutable 
Multiple Context-Free Languages



Substitutable CFLs
• Clark and Eyraud  ALT’05, JMLR’07

• x1y1z1,  x1y2z1,  x2y1z2 ∈ L  ⇒  x2 y2z2 ∈ L

"x1,z1#!y1, "x1,z1#!y2, "x2,z2#!y1 ∈ L ⇒ "x2,z2#!y2 ∈ L

• Positive examples:

• A man gave John chocolate.

• A man gave a little girl chocolate.

• They like John.

• Generalization: They like a little girl.



p-dimensional Substitutability

• u!v,  u!v’,  u’!v ∈ L  ⇒  u’!v’ ∈ L     where  |v| = |v’| ≦ p

u0v1u1...vmum　 

u0v1’u1...vm’um 　∈ L  　 ⇒ 　 u0’v1’u1’...vm’um’ ∈ L

u0’v1u1’...vmum’                                          where  m ≦ p

• L /v ∩ L /v’ ≠ ∅ 　 ⇒ 　L /v = L /v’    where  |v| = |v’| ≦ p

• v and v’ are congruent in L iff L /v = L /v’ 

�



p-dimensional Substitutability

• u!v,  u!v’,  u’!v ∈ L  ⇒  u’!v’ ∈ L     where  |v| = |v’| ≦ p

u0v1u1...vmum　 

u0v1’u1...vm’um 　∈ L  　 ⇒ 　 u0’v1’u1’...vm’um’ ∈ L

u0’v1u1’...vmum’                                          where  m ≦ p

• L /v ∩ L /v’ ≠ ∅ 　 ⇒ 　L /v = L /v’    where  |v| = |v’| ≦ p

• v and v’ are congruent in L iff L /v = L /v’ 

�

v,v’,u,u’ ∈ (Σ+)+



Example

• Lp = { a1n#b1
n$a2

n#b2n$...$ap
n#bp

n
 | n ≧ 0 }

• Lp ∈ p-MCFL(1)

• the least pD-substitutable language including
  a1#b1$...$ap#bp  and  a12#b12$...$ap2#bp2

is Lp

•  a1#b1$...$ap#bp = "_$_..._$_#!"a1#b1, ..., ap#bp#
a12#b12$...$ap2#bp2 = "_$_..._$_#!"a1a1#b1b1, ..., apap#bpbp#



Example

! { a1n # b1n # a2n # b2n | n ≧ 0 } is NOT 2D-substitutable

• "#, ## and "a1#b1, a2#b2# are NOT congruent

•  

• MIX = { w ! {a,b,c}* | |w|a = |w|b = |w|c }
is 2D-substitutable

 ### ∈ L 　⇒ 　a1#b1a2#b2# ∈ L



Learning Target

" pD-substitutable p,q-MCFGs
for fixed p,q



Identification in the Limit from Positive Data

• Learner 

• gets a positive example

• updates the conjecture

• L0 = { w1, w2, w3, ... }

• Identification in the Limit:

• convergence to a grammar for the target
    Gn = Gn+1 = Gn+2 ...   and L(Gn) = L0 

• not have to terminate

• Regular languages are not learnable

w1 w2 w3

G1 G2 G3

w4

G4 ...

...

Learning
Target

L0

• Gold (1976)



Learning Algorithm

let G := vacuous grammar;
For n = 1,2,3,...
  let D := {w1 , w2 , ... , wn };
  If D & L(G)
    then update G by D;
  End if
  output G
End for



Learner’s Conjecture
• D = { w1, ..., wn } : positive data

• G :  conjecture

• N = Sub(D) : all sub-multi-words from D
   = { [v] | ∃w. w ! v ∈ D, |v| ≦ p}

• v ∈ L(G, [v])  for all [v] ∈ N,   ( dim([v]) = |v| )

• Start Symbols: { [v] ∈ N | v ∈ D }

• Rules (Type I):

• [v0] ← f([v1],...,[vn]) where v0 = f(v1,...,vn), n ≦ q



Type I - example
• Rules (Type I):

• [v0] ← f([v1],...,[vn]) where v0 = f(v1,...,vn), n ≦ q

•  "abcd#, "a, c#, "b, d#, "ab, cd#  ∈ Sub(D)

•  [abcd], [a, c], [b, d], [ab, cd]  ∈ N

• [abcd] ← f([ab, cd]) where f("x1, x2#) = x1x2,

• [abcd] ← g([b, d]) where g("x1, x2#) = ax1cx2,

• [ab, cd] ← h([a,c], [b,d]) with h("x1,x2#,"y1,y2#) = "x1y1, x2y2#,

• [ab, cd] ← "ab, cd#



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1 #1 y1 #2 x2 #3 y2#,
%2: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%3: A ← "a, c#, 
%4: B ← h(B) with h("y1,y2#) = "y1b, y2d#.
%5: B ← "b, d#

• D = { aaa #1 b #2 ccc #3 d }

Example

%1

%5%2

%2

%3 "a, c#

"aa,cc#

"aaa,ccc#
"b, d#

aaa#1b#2ccc#3d



• %1: S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1 #1 y1 #2 x2 #3 y2#,
%2: A ← g(A) with g("x1,x2#) = "ax1, cx2#,
%3: A ← "a, c#, 
%4: B ← h(B) with h("y1,y2#) = "y1b, y2d#.
%5: B ← "b, d#

• D = { aaa #1 b #2 ccc #3 d }

Example

%1

%5%2

%2

%3 "a, c#

"aa,cc#

"aaa,ccc#
"b, d#

aaa#1b#2ccc#3d

'1

'5'21

'22

'3 "a, c#

"aa,cc#

"aaa,ccc#
"b, d#

aaa#1b#2ccc#3d• '1: [aaa #1 b #2 ccc #3 d] ← f([aaa, ccc], [b, d])
'21: [aaa, ccc] ← g([aa, cc]),
'22: [aa, cc] ← g([a, c]),
'3: [a, c] ← "a, c#,
'5: [b, d] ← "b, d#



Type II
• Rules (Type II):

• [v] ← [v’]     if  w ! v , w ! v’ ∈ D for some w

• Substitutability:

• L0/v ∩ L0/v’ ≠ ∅ 　 ⇒ 　L0/v = L0/v’      for |v| = |v’| ≦ p



• L0 = { am #1 bn #2 cm #3 dn | m,n ≧ 0 }

• D = { aaa #1 b #2 ccc #3 d , aa #1 b #2 cc #3 d }

• Type I
'1: [aaa #1 b #2 ccc #3 d] ← f([aaa, ccc], [b, d])
'21: [aaa, ccc] ← g([aa, cc]),
'22: [aa, cc] ← g([a, c]),
'3: [a, c] ← "a, c#,
'5: [b, d] ← "b, d#

Example

'1

'21 '5

'22

'3

with g("x1,x2#) = "ax1, cx2#



• L0 = { am #1 bn #2 cm #3 dn | m,n ≧ 0 }

• D = { aaa #1 b #2 ccc #3 d , aa #1 b #2 cc #3 d }

• Type I
'1: [aaa #1 b #2 ccc #3 d] ← f([aaa, ccc], [b, d])
'21: [aaa, ccc] ← g([aa, cc]),
'22: [aa, cc] ← g([a, c]),
'3: [a, c] ← "a, c#,
'5: [b, d] ← "b, d#

• Type II
[aaa, ccc] ←→ [aa, cc] ←→ [a, c]

Example

'1

'21 '5

'22

'3

with g("x1,x2#) = "ax1, cx2#identical



• L0 = { am #1 bn #2 cm #3 dn | m,n ≧ 0 }

• D = { aaa #1 b #2 ccc #3 d , aa #1 b #2 cc #3 d }

• Type I
'1: [aaa #1 b #2 ccc #3 d] ← f([aaa, ccc], [b, d])
'21: [aaa, ccc] ← g([aa, cc]),
'22: [aa, cc] ← g([a, c]),
'3: [a, c] ← "a, c#,
'5: [b, d] ← "b, d#

• Type II
[aaa, ccc] ←→ [aa, cc] ←→ [a, c]

Example

'1

'21 '5

'22

'3

with g("x1,x2#) = "ax1, cx2#

L(G) = { am#1b#2cm#3d | m≧2 }

identical



Proof:  L(G) ⊆ L0

• L(G) ⊆ L0

If  u ∈ L(G,[v]),  then  L0/v = L0/u

• Lemma:
If L0/vi = L0/ui for all i,
  then L0/f(v1,...,vm) = L0/f(u1,...,um) for any f

• (Type I): [v0] ← f([v1],...,[vn]) where v0 = f(v1,...,vn) 

• (Type II): [v] ← [v’]     if  w ! v , w ! v’ ∈ D for some w 



Proof:  L0 ⊆ L(G)
• G0 : learning target ( L0 = L(G0) )

• vA ∈ L(G0,A) : smallest multi-word from A

• wA : smallest multi-context for A    (S ⇒ w1Aw2 for cfg)

• D0 = { wA ! f(vB1,...,vBn) | A ← f(B1,...,Bn) is a rule of G0 }

" u ∈ L(G0,A)  ⇒ u ∈ L(G,[vA])

• A ← f(B,C), u1 ∈ L(G0,B), u2 ∈ L(G0,C), f(u1, u2) ∈ L(G0,A)

• u1 ∈ L(G, [vB]), u2 ∈ L(G, [vC]) 

• G has [f(vB,vC)] ← f([vB], [vC])

• wA ! f(vB,vC), wA ! vA ∈ D0　⇒　[vA] ←→ [f(vB,vC)]

⇒  f(u1,u2) ∈ L(G, [f(vB,vC)])
�



• Rules (Type I):

• [u] ← f([v1],...,[vn]) where u = f(v1,...,vn),  |vi| ≦ p,  n ≦ q

• w = u0v1u1...vmum 
 ⇒  "u0_u1_..._um# ! X, "v1, ..., vm# ! K,  m ≦ p

At most |w|2p ways of decomposition

• Rules (Type II):

• [u] ← [v] if L0/u ( L0/v ≠ ∅

• PolyTime in ||D||

• Data needed: D0

• |D0| ≦ |G0|            |G0| :  # of rules of G0

Learning Efficiency



Theorem 1

•pD-Substitutable p,q-Multiple CFGs are

Polynomial-Time identifiable in the limit
from Positive Data



Congruential
Multiple Context-Free Languages



from Substitutability
 to Congruentiality

• Substitutability:

• Distinct syntactic categories have disjoint sets of 
phrases and contexts

• Congruentiality:

• Distinct syntactic categories may have intersecting 
sets of phrases and contexts

• All phrases in the same category share the same 
context-set



Congruential MCFGs

• u and v are congruent in L0 iff L0/u = L0/v 

  w!u = w0u1w1u2w2 ∈ L0  ⇔  w!v = w0v1w1v2w2 ∈ L0

• Congruential MCFG:
u and v are congruent in L(G) for all u,v ∈ L(G,A) for all A

• If u ∈ L(G,A) and v ∈ L(G,B) are congruent in L(G),
one can merge A and B

• Nonterminal in Grammar ⇔ Structure in Language 



Congruential MCFG

• L(G)/u = L(G)/v for all u,v ∈ L(G,A)

• Example:

• S → f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,
A → "a, c#,   A → g(A) with g("x1,x2#)="ax1, cx2#,
B → "b, d#,   B → h(B) with h("y1,y2#)="by1, dy2#.

• L(G, A) = { "am, cm# | m > 0 }
L(G, B) = { "bn, dn# | n > 0 }
L(G) = L(G, S) = { "am bn cm dn# | m, n > 0 }

• L(G)/"am, cm# = { " ai_ajbnck_cldn# | n > 0, i+j = k+l }



NonCongruential MCFG

• C ← a C b ,     C ← ab,
D ← a D bb ,   D ← abb.

• C, D: Start Symbols

• L(G, C) = { ambm | m > 0 },   L(G, D) = { amb2m | m > 0 }
L(G) = L(G, C) $ L(G, D)

" L(G)/ambm = { "aj_bk# | j = k or 2j + m = k}

• "_bm# is a context unique to ambm in L(G, C)



Congruential MCFLs
• Multidimensionally Substitutable MCFLs

• All regular languages

• Dyck languages (well-bracketed strings)

• { wcwc | w ∈ {a,b}* }

• { "am bn cm dn# | m, n > 0 }

• MIX = { w ! {a,b,c}* | |w|a = |w|b = |w|c }

! Palindrome { w | w = wR
 } is not a congruential CFL

• { w#wR | w ! Σ*, # ∈ Σ } is a congruential CFL/



Learning Target

"Congruential p,q-MCFGs
for fixed p,q



Learning
Congruential MCFGs

by Queries



Minimally Adequate Teacher
• Angluin (Info. & Comp. ’87)

• Oracle knows L0

• Membership Queries (MQs)

• Learner : w ∈ L0 ?
Oracle:  “Yes” or  “No”

• Equivalence Queries (EQs)

• Learner : L(G) = L0 ?
Oracle:  “Yes” or  “w” ∈ L0\L(G) $ L(G)\L0 

• Learning ends when the oracle answers “Yes” to an EQ

• Efficiency is important



Learner’s Conjecture
• K : Finite set of Multi-words (at most p-tuples)

• X : Finite set of Multi-contexts (at most p+1-tuples)

• Nonterminals: N = K

• [v] ⇒ v  for all [v] ∈ N,   ( dim([v]) = |v| ) 

• Start Symbols: { [v] ∈ N | v ∈ L0 }

• Rules (Type I):

• [v0] → f([v1],...,[vn]) where v0 = f(v1,...,vn), n ≦ q



Type II
• Rules (Type II):

• [u] → [v]     if  L0/u  =  L0/v 

• Congruential MCFG:

• L(G)/u = L(G)/v for u,v ∈ L(G,[u])



Type II
• Rules (Type II):

• [u] → [v]     if L0/u ( X = L0/v ( X

• Congruential MCFG:

• L(G)/u = L(G)/v for u,v ∈ L(G,[u])



Type II
• Rules (Type II):

• [u] → [v]     if L0/u ( X = L0/v ( X

• Congruential MCFG:

• L(G)/u = L(G)/v for u,v ∈ L(G,[u])

• L0/u = L0/v   implies   L0/u ( X = L0/v ( X

• [u] → [v] is incorrect if L0/u ≠ L0/v

• If X is rich enough, G has no incorrect rules

cf.  Substitutability:

if L0/u ( L0/v ≠ ∅



Observation Table

"a, c#

"b, d#

"ab, cd#

"aab, ccd#

"_ _# "a_bc_d# "ab_cd_#

ac aabccd abacdc

bd abbcdd abbcdd

abcd aabbccdd ababcdcd

aabccd aaabbcccdd abaabcdccd

L0 = { ambncmdn | m,n ≧ 0 }

X2
K2T2:

Type II rules : [a, c] ←→  [ab, cd] ←→  [aab, ccd]

Yes No



Observation Table

Start Symbol: [abcd]

L0 = { ambncmdn | m,n > 0 }

"abcd#

"_#

abcd

X1
K1

T1:



• Type I rules:
%1: [abcd] ← f([ab, cd])    where    f("x1, x2#) = x1x2,
%2: [aab, ccd] ← ga([ab, cd]) where ga("x1, x2#) = "ax1, cx2#,
%3: [ab, cd] ← gb([a, c]) where gb("x1, x2#) = "x1b, x2d#,
%4: [ab, cd] ← "ab, cd#

• Type II rules : [a, c] ←→  [ab, cd] ←→  [aab, ccd]

ambncmdn ∈ L(G)  for all  m,n > 0



• Type I rules:
%1: [abcd] ← f([ab, cd])    where    f("x1, x2#) = x1x2,
%2: [aab, ccd] ← ga([ab, cd]) where ga("x1, x2#) = "ax1, cx2#,
%3: [ab, cd] ← gb([a, c]) where gb("x1, x2#) = "x1b, x2d#,
%4: [ab, cd] ← "ab, cd#

• Type II rules : [a, c] ←→  [ab, cd] ←→  [aab, ccd]

ambncmdn ∈ L(G)  for all  m,n > 0

• %9: [aab, ccd] ← h([a, c]) where h("x1, x2#) = "x1ab, x2cd#

"ab, cd#

[ab, cd][aab, ccd] ← h([a, c])

"ab, cd#

[a, c]

%9"abab, cdcd#

[aab, ccd]

Type II



Observation Table

"a, c#

"b, d#

"ab, cd#

"aab, ccd#

"_ _# "a_bc_d# "ab_cd_#

ac aabccd abacdc

bd abbcdd abbcdd

abcd aabbccdd ababcdcd

aabccd aaabbcccdd abaabcdccd

L0 = { ambncmdn | m,n ≧ 0 }

X2
K2T2:

Type II rules : [a, c] ←→  [ab, cd] ←→  [aab, ccd]

Yes No



Observation Table

"a, c#

"b, d#

"ab, cd#

"aab, ccd#

"_ _# "a_bc_d# "ab_cd_# "_ab_cd#

ac aabccd abacdc aabccd

bd abbcdd abbcdd babdcd

abcd aabbccdd ababcdcd ababcdcd

aabccd aaabbcccdd abaabcdccd aababccdcd

L0 = { ambncmdn | m,n ≧ 0 }

X2
K2

T2:

Yes No

Type II rules : [a, c] ←→  [ab, cd] ←→  [aab, ccd]



Monotonicity
• Nonterminals: N = K

• Start Symbols:  { [w] ∈ N | w ∈ L0 }

• Rules (Type I):

• [u] → f([v1],...,[vn]) where u = f(v1,...,vn), n ≦ q

• Rules (Type II):

• [u] → [v] if L0/u ( X = L0/v ( X

Expanding K  ⇒  Expanding the Language

Expanding X  ⇒  Shrinking the Language



Positive Counterexample

•　Getting w ! L0 \ L(G)　
　　⇒  Expanding K

　　⇒  Expanding the Language

　　K ← K $ { v | ∃u. u ! v = w , |v| ≦ p }

                             v :sub-multi-word of w



Negative Counterexample

•　Getting w ! L(G) \ L0　
　　⇒  Expanding X

　　⇒  Shrinking the Language

　　X ← X $ { a multi-context for removing

                        incorrect rules of Type II  }



Finding an Incorrect Rule

• u,v ∈ L(G,[v]) should imply L0/u  =  L0/v 

• Negative counter-example u ∈ L(G,[v]) \ L0

witnesses that G does not satisfy the above

• "_# ∈ L0/v \ L0/u

• Derivation tree t for u ∈ L(G,[v]) contain an incorrect rule, 
where the context "_# is a witness 



• Derivation tree τ:  Root(τ) = [v] and Yield(τ) = u

• Witness (multi-context): w ∈ L0/v \ L0/u

• w ! f([v1],...,[vn]) ∈ L0

• w ! f([u1],...,[un]) ∈ L0

• w ! f([v1],...,[vk-1],[vk],[uk+1],...,[un]) ∈ L0

• w ! f([v1],...,[vk-1],[uk],[uk+1],...,[un]) ∈ L0

(Case I)

τ =
[v] ← f([v1],...,[vn])

u1 un� �� �
u

� �� � � �� �
τn

uk
� �� �

... ...

τkτ1

/

/

Finding an Incorrect Rule



• Derivation tree τ:  Root(τ) = [v] and Yield(τ) = u

• Witness (multi-context): w ∈ L0/v \ L0/u

• w ! f([v1],...,[vn]) ∈ L0

• w ! f([u1],...,[un]) ∈ L0

• w ! f([v1],...,[vk-1],[vk],[uk+1],...,[un]) ∈ L0

• w ! f([v1],...,[vk-1],[uk],[uk+1],...,[un]) ∈ L0

• τk:  Root(τk) = [vk] and Yield(τk) = uk

witness: w!f([v1],...,[vk-1],[_],[uk+1],...,[un])

(Case I)

τ =
[v] ← f([v1],...,[vn])

u1 un� �� �
u

� �� � � �� �
τn

uk
� �� �

... ...

τkτ1

/

/

Finding an Incorrect Rule



• Derivation tree τ:  Root(τ) = [v] and Yield(τ) = u

• Witness (multi-context): w ∈ L0/v \ L0/u

(Case II)

τ =
[v] ← [v’]

u

• w ! f([v]) ∈ L0

• w ! f([u]) ∈ L0

• If w ! f([v’]) ∈ L0,
τ’:  Root(τ’) = [v’] and Yield(τ’) = u
w : witness 

• If w ! f([v’]) ∈ L0,
[v] ← [v’] is an incorrect rule!
Add w to the observation table!

u
� �� �

τ’

/

/
� �� �

Finding an Incorrect Rule



Algorithm
Let K := ∅;  X := {"_#};   G := empty grammar;
While the teacher does not answer “Yes” to the EQ
  let w be the counter-example from the teacher
  If w ! L0 \ L(G)
    then expand K with all sub-multi-words from w
    else expand X with a context
                    for removing incorrect rules of Type II
  End if
  construct the grammar from the observation tables
End while



Number of Equivalence Queries

• Let L0 = L(G0)

• Getting w ! L0 \ L(G) and expanding K

• at most |G0| times,            |G0| :  # of rules of G0

• Getting w ! L(G) \ L0 and expanding X

• at most |K|=|N| times

• PolyTime in max{|w|} and |G0|



• Construction of G from K and X:

• Rules (Type I):

• [u] → f([v1],...,[vn]) where u = f(v1,...,vn),
                                       |vi| ≦ p,  n ≦ q

• Rules (Type II):

• [u] → [v]    if L0/u ( X = L0/v ( X

• PolyTime in ||K|| and ||X||

Updating Time



Theorem

•Congruential p,q-Multiple CFGs are
Polynomial-Time learnable
by Membership Queries and Equivalence Queries



Multiple Context-Free Grammars
 with Minimum Context Property



Minimum Context Property

• MCFG G has the Minimum Context Property iff
∀ A ∈ N, ∃ u ∈ L(G,A), ∀ v ∈ L(G,A),

L(G)/u & L(G)/v

(w!u = w0u1w1u2w2 ∈ L(G)  ⇒  w!v = w0v1w1v2w2 ∈ L(G))

• cf.  MCFG G is congruential iff
∀ A ∈ N, ∀ u ∈ L(G,A), ∀ v ∈ L(G,A),

L(G)/u = L(G)/v



MCFG with MCP
• S ← f(A,B) with f("x1,x2#,"y1,y2#) = "x1y1x2y2#,

A ← "ab, cd#,   A ← g(A) with g("x1,x2#)="ax1b, cx2d#,
B ← "b, d#,      B ← h(B) with h("y1,y2#) = "y1b, y2d#.

• L(G, A) = { "ambm, cmdm# | m > 0 }
L(G, B) = { "bn, dn# | n > 0 }
L(G) = L(G, S) = { "am bm+n cm dm+n# | m, n > 0 }

" L(G)/"ambm, cmdm# = { "ak_bnck_dn# | k < n }

" L(G)/"bn, dn# = { "ambi_bjcmdk_dl# | m < i+j+n = k+l+n }
   L(G)/"b, d# ) L(G)/"b2, d2# ) L(G)/"b3, d3# ) ...
      "b, d# has the minimum context set in L(G, B) 



MCFLs with MCP

• Congruential MCFLs

• { "ak bl cm dn# | k < l < m < n }

! { ambm | m > 0 } $ { amb2m | m > 0 } : no MCP



Learning Target

" p,q-MCFGs with

Minimum Context Property

for fixed p,q



Learning Algorithm for
MCFGs with MCP



Learner’s Conjecture
• K : Finite set of Multi-words (at most p-tuples)

• X : Finite set of Multi-contexts (at most p+1-tuples)

• Nonterminals: N = K

• v ∈ L(G, [v])  for all [v] ∈ N,   ( dim([v]) = |v| ) 

• Start Symbols: { [v] ∈ N | v ∈ L0 ( K }

• Rules (Type I):

• [v0] ← f([v1],...,[vn]) where v0 = f(v1,...,vn), n ≦ q



Type II
• Rules (Type II):

• [u] ← [v]     if    L0/u  &  L0/v 

(w!u = w0u1w1u2w2 ∈ L0  ⇒  w!v = w0v1w1v2w2 ∈ L0)



Type II
• Rules (Type II):

• [u] ← [v]     if L0/u ( X & L0/v ( X

• L0/u & L0/v   implies   L0/u ( X & L0/v ( X

• [u] ← [v] is incorrect if L0/u & L0/v

• If X is rich enough, G has no incorrect rules

• For each pair [u], [v] ∈ N such that L0/u & L0/v,
there should be w ∈ X ( (L0/u - L0/v)

cf.  Congruential:

if L0/u ( X = L0/v ( X



Observation Table
L0 = { ambncmdn | 1 ≦ m ≦ n }

"aabb, ccdd#

"ab, cd#

"aab, ccd#

"abb, cdd#

"_ _# "a_c_# "_b_d# "a_bc_d#

aabbccdd aaabbcccdd aabbbccddd aaabbbcccddd

abcd aabccd abbcdd aabbccdd

abbcdd aabbccdd abbbcddd aabbbccddd

aabccd aaabcccd aabbccdd aaabbcccdd

X2K2T2:

!

Yes No

L0/"aab, ccd# ) L0/"aabb, ccdd# = L0/"ab, cd# ) L0/"abb, cdd# 

[aab, ccd]  ←  [aabb, ccdd], [ab, cd]  ←  [abb, cdd]

[aabb, ccdd] ←→   [ab, cd],
Type II
�



Observation Table

Start Symbol: [abcd]

L0 = { ambncmdn | 1 ≦ m ≦ n }

"abcd#

"_#

abcd

X1
K1

T1:



• Type I:
%0: [abcd] ← h([ab, cd])    where    h("x1, x2#) = x1x2,
%1: [aabb, ccdd] ← fac([abb, cdd])  with  fac("x1, x2#) = "ax1, cx2#,
%2: [aabb, ccdd] ← gbd([aab, ccd])  with  gbd("x1, x2#) = "x1b, x2d#,
%3: [aab, ccd] ← fac([ab, cd]),    %4: [abb, cdd] ← gbd([ab, cd]),
%5: [ab, cd] ← "ab, cd#

• Type II: [aab, ccd] ← [aabb, ccdd] ←→  [ab, cd] ← [abb, cdd]



• Type I:
%0: [abcd] ← h([ab, cd])    where    h("x1, x2#) = x1x2,
%1: [aabb, ccdd] ← fac([abb, cdd])  with  fac("x1, x2#) = "ax1, cx2#,
%2: [aabb, ccdd] ← gbd([aab, ccd])  with  gbd("x1, x2#) = "x1b, x2d#,
%3: [aab, ccd] ← fac([ab, cd]),    %4: [abb, cdd] ← gbd([ab, cd]),
%5: [ab, cd] ← "ab, cd#

• Type II: [aab, ccd] ← [aabb, ccdd] ←→  [ab, cd] ← [abb, cdd]

[aab, ccd]

[ab, cd]

[abb, cdd]

[aabb, ccdd]

%4: gbd

%2: gbd

%1: fac

%3: fac
%5

%0
[abcd]



• Type I:
%0: [abcd] ← h([ab, cd])    where    h("x1, x2#) = x1x2,
%1: [aabb, ccdd] ← fac([abb, cdd])  with  fac("x1, x2#) = "ax1, cx2#,
%2: [aabb, ccdd] ← gbd([aab, ccd])  with  gbd("x1, x2#) = "x1b, x2d#,
%3: [aab, ccd] ← fac([ab, cd]),    %4: [abb, cdd] ← gbd([ab, cd]),
%5: [ab, cd] ← "ab, cd#

• Type II: [aab, ccd] ← [aabb, ccdd] ←→  [ab, cd] ← [abb, cdd]

[aab, ccd]

[ab, cd]

[abb, cdd]

[aabb, ccdd]

%4: gbd

%2: gbd

%1: fac

%3: fac
%5

%0
[abcd]



• Type I:
%0: [abcd] ← h([ab, cd])    where    h("x1, x2#) = x1x2,
%1: [aabb, ccdd] ← fac([abb, cdd])  with  fac("x1, x2#) = "ax1, cx2#,
%2: [aabb, ccdd] ← gbd([aab, ccd])  with  gbd("x1, x2#) = "x1b, x2d#,
%3: [aab, ccd] ← fac([ab, cd]),    %4: [abb, cdd] ← gbd([ab, cd]),
%5: [ab, cd] ← "ab, cd#

• Type II: [aab, ccd] ← [aabb, ccdd] ←→  [ab, cd] ← [abb, cdd]

[aab, ccd]

[ab, cd]

[abb, cdd]

[aabb, ccdd]

%4: gbd

%2: gbd

%1: fac

%3: fac
%5

%0
[abcd]



• Type I:
%0: [abcd] ← h([ab, cd])    where    h("x1, x2#) = x1x2,
%1: [aabb, ccdd] ← fac([abb, cdd])  with  fac("x1, x2#) = "ax1, cx2#,
%2: [aabb, ccdd] ← gbd([aab, ccd])  with  gbd("x1, x2#) = "x1b, x2d#,
%3: [aab, ccd] ← fac([ab, cd]),    %4: [abb, cdd] ← gbd([ab, cd]),
%5: [ab, cd] ← "ab, cd#

• Type II: [aab, ccd] ← [aabb, ccdd] ←→  [ab, cd] ← [abb, cdd]

[aab, ccd]

[ab, cd]

[abb, cdd]

[aabb, ccdd]

%4: gbd

%2: gbd

%1: fac

%3: fac
%5

%0

L(G) = L0 =
{ ambncmdn | 1 ≦ m ≦ n }

[abcd]



Monotonicity
• Nonterminals: N = K

• Start Symbols:  { [w] ∈ N | w ∈ L0 }

• Rules (Type I):

• [u] ← f([v1],...,[vn]) where u = f(v1,...,vn), n ≦ q

• Rules (Type II):

• [u] ← [v] if L0/u ( X & L0/v ( X

Expansion of K  ⇒  More Rules

Expansion of X  ⇒  Less Incorrect Rules



• Construction of G from K and X:

• Rules (Type I):

• [u] → f([v1],...,[vn]) where u = f(v1,...,vn),
                                       |vi| ≦ p,  n ≦ q

• Rules (Type II):

• [u] → [v] if L0/u ( X & L0/v ( X

• PolyTime in ||K|| and ||X||

Updating Time



Number of EQs
• L0 = L(G0)

• Rules of Type 1:

• Any u ! L(G0, A) is good in Congruential MCFGs:

• [u] in G plays the same role of A in G0.

• |G0| positive counter-examples are enough

• We want uA ! L(G0, A) with the minimum context !

• No bound on positive counter-examples



Identification in the Limit from
 Positive Data and Membership Queries

• Learner 

• gets positive examples

• calls the membership oracle

• updates the conjecture

• L0 = { w1, w2, w3, ... }

• Identification in the Limit:

• convergence to a grammar for the target
    Gn = Gn+1 = Gn+2 ...   and L(Gn) = L0

w1 w2 w3

G1 G2 G3

w4

G4 ...

... Learning
Target

L0



Algorithm

Let D := K := ∅;  X := {"_#};   G := vacuous grammar;
For i = 1,2,3,...
  let D := {w1 , w2 , ... , wi }
  If D & L(G)
    then expand K with all sub-multi-words from D
  End if
  expand X with all sub-multi-contexts from D
  construct a grammar from the observation tables
End for



Theorem

•p,q-MCFGs with the Minimum Context Property
 are Polynomial-Time Identifiable in the Limit
from Positive Data and Membership Queries



Discussions



Natural Language and MCP
• Some syntactic category is more general than another

• { ambn | m ≦ n } ?

• I think you think he thinks so.

• 私は君は彼はそう思うと思うと思う．

• （君は私は）そう思うと思うか？
Do you think he thinks so ?

• ? 私はそう思うと思うと思うと思うと思う．



On-going/Future Work

• Probabilistic Learning of MCFLs

• Finite State Transducers, Synchronous CFGs ...

• Dual 

• Tree Grammars, Graph Grammars ...


