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Categorial Grammars:

A type-theoretic view of grammars and grammatical composition.

Examples: AB-grammars, Lambek-grammars

Pierre : NP
une : NP / N

pomme : N
mange : (NP \ S) / NP

Syntax/semantics interface based on the Curry-Howard isomor-
phism.
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Current Type-Logical Grammars:

SYNTACTIC
FORM

terms from some
prosodic algebra

⇒ PARSING
STRUCTURE

deduction tree

proof-net

⇒ LOGICAL
FORM

logical
formulas

(first-order)
(higher-order)

(modal)
(intentional)
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A:

T (A) ::= A | ( T (A)−◦ T (A) )

A higher-order linear signature is a triple Σ = 〈A, C, τ〉, where:

A is a finite set of atomic types;

C is a finite set of constants;

τ : C → T (A) is a function that assigns each constant in C with a linear
implicative type built on A.

Λ(Σ) denotes the set of linearλ-terms built upon a higher-order linear sig-
nature Σ.
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A vocabulary is simply defined to be a higher-order linear signature.

Given two vocabularies Σ1 = 〈A1, C1, τ1〉 and Σ2 = 〈A2, C2, τ2〉, a lexicon
L = 〈F, G〉 from Σ1 to Σ2 is made of two functions:

F : A1 → T (A2),

G : C1 → Λ(Σ2),

such that
−Σ2 G(c) : F̂ (τ1(c)).
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Σ1 = 〈A1, C1, τ1〉 and Σ2 = 〈A2, C2, τ2〉 are two higher-order linear signa-
tures; Σ1 is called the abstract vocabulary and Σ2 is called the object
vocabulary;

L : Σ1 → Σ2 is a lexicon from the abstract vocabulary to the object
vocabulary;

s ∈ T (A1) is a type of the abstract vocabulary; it is called the distin-
guished type of the grammar.
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Languages generated by an ACG:

The abstract language generated by G (A(G)) is defined as follows:

A(G) = {t ∈ Λ(Σ1) | −Σ1 t : s is derivable}

The object language generated by G (O(G)) is defined to be the image of
the abstract language by the term homomorphism induced by the lexicon L:

O(G) = {t ∈ Λ(Σ2) | ∃u ∈ A(G). t = L(u)}
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Strings as linear λ-terms

There is a canonical way of representing strings as linear λ-terms. It consists
of representing strings as function composition:

‘abbac′ = λx. a (b (b (a (c x))))

In this setting:

ε
4
= λx. x

α + β
4
= λα. λβ. λx. α (β x)
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Context-free grammars

S → ε
S → aSb

Abstract vocabulary :

S : type
A : S
B : S −◦ S

Lexicon :

S 7→ string
A 7→ ε
B 7→ λx. a + x + b
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Abstract vocabulary :

S, S′, S′′ : type
A : (S′′ −◦ S′)−◦ S
B : S′′ −◦ (S′′ −◦ S′)−◦ S′

C : S′′ −◦ S′

Lexicon :

S, S′, S′′ 7→ string
A 7→ λf. f ε
B 7→ λx. λg. a + g (b + x + c) + d
C 7→ λx. x
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A toy example
Pierre lit un article que Marie a écrit

Σ0: N , NP , S : type;
P,M : NP

A : N
L,AE : NP −◦ (NP −◦ S)

U : N −◦ NP
Q : (NP −◦ S)−◦ (N −◦ N )

Σ1: /Pierre/, /Marie/, /article/, /lit/, /a écrit/, /un/, /que/ : STRING

Σ2: ι, o : type;
p, m : ι

article : ι−◦ o
read, wrote : ι−◦ (ι−◦ o)

∧ : o−◦ (o−◦ o)
∃ : (ι → o)−◦ o
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L1 : Σ0 → Σ1

N , NP , S := STRING;

P := /Pierre/ : NP
M := /Marie/ : NP
A := /article/ : N
L := λx. λy. y + /lit/ + x : NP −◦ (NP −◦ S)

AE := λx. λy. y + /a écrit/ + x : NP −◦ (NP −◦ S)
U := λx./un/ + x : N −◦ NP
Q := λx. λy. y + /que/ + x ε : (NP −◦ S)−◦ (N −◦ N )

Parsing

/Pierre/ + /lit/ + /un/ + /article/ + /que/ + /Marie/ + /a écrit/

yields the following λ-term of type S:

L (U (Q(λx.AExM)A))P
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L2 : Σ0 → Σ2
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N := ι−◦ o;

NP := (ι−◦ o)−◦ o;

P := λk. k p : NP
M := λk. k m : NP
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S := o;
N := ι−◦ o;

NP := (ι−◦ o)−◦ o;

P := λk. k p : NP
M := λk. k m : NP
A := λx. article x : N
L := λp. λq. p (λx. q (λy. read y x)) : NP −◦ (NP −◦ S)

AE := λp. λq. p (λx. q (λy. wrote y x)) : NP −◦ (NP −◦ S)
U := λp. λq. ∃x. (p x) ∧ (q x) : N −◦ NP
Q := λr. λp. λx. (p x) ∧ (r (λk. k x)) : (NP −◦ P)−◦ (N −◦ N )

Applying L2 to

L (U (Q(λx.AExM)A))P

yields a term that β-reduces to:

∃x.(article x) ∧ (wrote mx) ∧ (read p x)
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Abstract language membership

Straightforward: linear type checking.

Object language membership

For lexicalized grammars: decidable.

In general: open (implies decidability of MELL).

Abstract/Object language emptiness

open (equivalent to MELL decidability).
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Abstract Categorial Hierarchy.

Define G(n, m) be the set of grammars G = 〈Σ1,Σ2,L, s〉 such that:

Σ1 = 〈A, C, τ〉;

Σ2 = STRING;

L(s) = string;

n is the order of Σ1 (i.e., the maximal order of the types in τ(c));

m is the order of L (i.e., the maximal order of the types in L(A),
consisdering string as atomic).

Define L(n, m) be the set of object languages generated by the grammars
in G(n, m).
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L(n, m + 1) ⊂ L(n + 1, m)

L(n + 1, m) ⊂ L(n, m + 1), for n ≥ 3.

L(1, m) = L(1,1) = FL.

L(2,1) = CFSL.

L(2,2) ⊃ yields of linear CFTL.

L(2,3) ⊃ LCFRS.

L(2, n) ⊂ PTIME.
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