
Ehrenfeucht-Fräıssé Theorem

1. Definition. Let Kn = {a1, . . . , an} be the first n parameters. Let M and N be interpre-
tations in universes U and V , respectively, and let c1, . . . , cn ∈ U and d1, . . . , dn ∈ V .
Define (M, c1, . . . , cn) 'k (N, d1, . . . , dn) recursively by

• (M, c1, . . . , cn) '0 (N, d1, . . . , dn) iff for every atomic Kn-sentence A, M |= A[c1, . . . , cn]⇔
N |= A[d1, . . . , dn].

• (M, c1, . . . , cn) 'k+1 (N, d1, . . . , dn) iff the following two conditions hold:

– for all c ∈ U , there exists a d ∈ V such that (M, c1, . . . , cn, c) 'k (N, d1, . . . , dn, d),
and

– for all d ∈ V , there exists a c ∈ U such that (M, c1, . . . , cn, c) 'k (N, d1, . . . , dn, d).

2. Definition. Define the quantifier rank of a formula A by

qr(A) = 0 if A is atomic,

qr(¬A) = qr(A),

qr(A b B) = max(qr(A), qr(B)) (b ∈ {∧,∨,→,↔}),
qr(qxA) = qr(A) + 1 (q ∈ {∀,∃}).

3. Definition. The relation (M, c1, . . . , cn) ≡k (N, d1, . . . , dn) holds iff for every Kn-
sentence A such that qr(A) ≤ k, M |= A[c1, . . . , cn]⇔ N |= A[d1, . . . , dn].

4. Theorem. (M, c1, . . . , cn) 'k (N, d1, . . . , dn) iff (M, c1, . . . , cn) ≡k (N, d1, . . . , dn).

5. Theorem. There is no sentence B of first-order logic such that for all finite graphs G,
MG |= B iff G is connected.

Compactness is useless to show first-order definability over finite structures. We use
the Ehrenfeucht-Fräıssé theorem.

Proof. Suppose such a sentence B exists. Let k = qr(B). To derive a contradiction, it
suffices to give two finite graphs G and H such that

• G is connected,

• H is not connected, and

• MG 'k MH .

Let G = (V,E), where V = {v1, . . . , vl} and E = {{vi, vi+1} | 1 ≤ i ≤ l−1 }∪{{vl, v1}}.
Let H = (V ∪ V ′, E ∪ E′), where (V ′, E′) is an isomorphic copy of (V,E). Define

dist(vi, vj) =


j − i if −l/2 ≤ j − i ≤ l/2,

j − i− l if l/2 < j − i,

j − i + l if j − i < −l/2,

and likewise dist(v′i, v
′
j) for v′i, v

′
j ∈ V ′. If v ∈ V and v′ ∈ V ′, we define dist(v, v′) =∞

and dist(v′, v) = −∞.

Suppose l ≥ 2k. We can prove

(MG, c1, . . . , cn) 'k−n (MH , d1, . . . , dn)

for all n ∈ {0, . . . , k} if the following conditions hold of all i, j ∈ {1, . . . , n}:

• | dist(ci, cj)| ≤ 2k−n implies dist(ci, cj) = dist(di, dj), and

• | dist(di, dj)| ≤ 2k−n implies dist(ci, cj) = dist(di, dj).
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